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Attempts to use coarse-grained molecular theories to calculate corrections to the random-phase approxima-
tion (RPA) for correlations in polymer mixtures have been plagued by an unwanted sensitivity to the value of
an arbitrary cutoff length, i.e., by an ultraviolet (UV) divergence. We analyze the UV divergence of the inverse
structure factor S~ (k) predicted by a “one-loop” approximation similar to that used in several previous studies.
We consider both miscible homopolymer blends and disordered diblock copolymer melts. We show, in both
cases, that all UV divergent contributions can be absorbed into a renormalization of the values of the phenom-
enological parameters of a generalized self-consistent field theory (SCFT). This observation allows the con-
struction of an UV convergent theory of corrections to SCFT phenomenology. The UV-divergent one-loop
contribution to S7!(k) is shown to be the sum of (i) a k-independent contribution that arises from a renormal-
ization of the effective y parameter, (ii) a k-dependent contribution that arises from a renormalization of
monomer statistical segment lengths, (iii) a contribution proportional to k2 that arises from a square-gradient
contribution to the one-loop fluctuation free energy, and (iv) a k-dependent contribution that is inversely
proportional to the degree of polymerization, which arises from local perturbations in fluid structure near chain

ends and near junctions between blocks in block copolymers.
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I. INTRODUCTION

The statistical mechanics of polymer mixtures and block
copolymer melts exhibit some universal features that are
well described by self-consistent field theory (SCFT). The
phase behavior of homopolymer mixtures is reasonably well
described by Flory-Huggins theory. Various inhomogeneous
structures formed by flexible polymers, such as interfaces
and ordered phases of block copolymers, are accurately de-
scribed by a SCFT of inhomogeneous liquids, which reduces
to Flory-Huggins theory in the case of a homogeneous mix-
ture. A self-consistent field approximation also underlies the
so-called random-phase approximation (RPA) for the struc-
ture function S(k) in homogeneous mixtures. The RPA is
obtained by using SCFT to calculate the susceptibility of a
liquid to a hypothetical infinitesimal perturbation, and using
the correlation-response theorem to relate this linear suscep-
tibility to the corresponding correlation function.

SCFT is a highly successful theory, but not a perfect one.
Among its limitations is the inability of the RPA to accu-
rately describe fluctuations very near a critical point in a
polymer blend or near an order-disorder transition (ODT) in
a symmetric diblock copolymer melt. The range of tempera-
tures over which deviations from the RPA are significant is
believed to decrease with increasing degree of polymeriza-
tion N. The fractional width of this so-called Ginzburg region
is predicted to decrease as N~! with molecular weight N in a
homopolymer blend [1-3], and as N in a symmetric
diblock copolymer melt [4]. For molecular weights typical of
experiments, however, fluctuation effects that are ignored by
SCFT have significant observable consequences.

The form of SCFT that has proved useful for the analysis
of experimental data is a phenomenological theory. It con-
tains several parameters whose values are sensitive to details
of monomer scale structure, which must be determined by
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comparison to experiment. In the simplest form of SCFT for
systems with two types of monomers, these parameters are a
Flory-Huggins interaction parameter x(7), and the statistical
segment lengths of both species. SCFT does not predict how
these parameters depend upon the details of molecular struc-
ture. Its usefulness arises instead from its ability to predict
phase behavior, equilibrium structures, and diffuse scattering
for systems containing polymers that are comprised of the
same types of monomers, but that have different molecular
weights and/or architectures.

Any attempt to systematically calculate corrections to this
SCFT, however, must start with some sort of micromechani-
cal model. (We need a Hamiltonian to do statistical mechan-
ics.) Here, as in several previous studies [5—-10] we start from
a coarse-grained model of Gaussian chains with pairwise-
additive interactions between monomers. Each coarse-
grained monomer in such a model represents a subchain of
many chemical repeat units, within a chain that contains
many such monomers. Such models are thus implicitly
coarse-grained to some cutoff length intermediate between
the chemical monomer size and the polymer coil size.

The long wavelength composition fluctuations that be-
come important near the critical point of a blend, or the ODT
of a symmetric diblock copolymer, exhibit a universal phe-
nomenology of their own. For a blend, sufficiently close to
the critical point, this is the critical behavior of the Ising
universality class. One might hope that our theoretical de-
scription of these long wavelength fluctuations would be in-
sensitive to the value chosen for a cutoff length, or to other
arbitrary details of how our coarse-grained model behaves at
very short length scales. Unfortunately, this is not so, at least
not in the simplest sense. Numerical values predicted for a
variety of quantities turn out to be very sensitive to the value
chosen for the cutoff length. The purpose of this paper is to
show how this may be remedied by an appropriate renormal-
ization scheme.
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A. Field theory and mean-field theory

The calculations presented here make use of the auxiliary
field representation of the partition function that was intro-
duced into polymer physics by Edwards [11,12]. This ap-
proach has been used in in several previous studies of fluc-
tuation effects in polymer blends [5-8]. Let

7= f D[R]e VIR (1)

denote the partition function for a model with a potential
energy U, where [D[R] denotes an integral over all particle
positions. The auxiliary field approach makes use of an exact
transformation of the partition function for any model in
which U is a sum of intramolecular potential and a pairwise
additive potential for interactions between monomers. This
transformation can be applied to either the canonical or
grand-canonical partition function. The transformation yields
a representation of Z (in either ensemble) as a functional
integral of the form

Z= f D[J]e" 1, (2)

where J is an auxiliary field (or a pair of such fields, one for
each monomer type) that has units of monomer chemical
potential. This approach is discussed in more detail in Sec.
Iv.

A saddle-point approximation to the auxiliary field func-
tional integral is known to yield a very simple form of mean-
field theory. The free-energy functional obtained in this
saddle-point approximation is the sum of the free energy of
an ideal gas of polymers plus a mean-field approximation for
the interaction energy. The average interaction energy ob-
tained in this approximation is the same as that obtained by a
“random mixing” approximation in which we ignore all cor-
relations among the monomer positions. The underlying as-
sumption of microscopically random mixing is analogous to
that used in the Poisson-Boltzmann theory of electrolytes, or
the original Flory-Huggins lattice model, which are both
“mean-field” theories in the same sense. Like other micro-
scopic mean-field theories of this type, the resulting theory
makes very simple, but generally inaccurate, predictions
about the relationship between microscopic interaction pa-
rameters and macroscopic parameters, such as the effective x
parameter observed in scattering experiments. We will make
a distinction in what follows between this microscopic mean-
field theory and the phenomenological SCFT that is used to
fit experimental data, which contains several adjustable pa-
rameters.

B. Ultraviolet divergence and renormalization

One appealing feature of the auxiliary field approach is
that it allows the effects of fluctuations of the auxiliary field
about this mean-field approximation to be treated by stan-
dard methods of diagrammatic perturbation theory, analo-
gous to those used in the study of critical phenomena [13].
Several studies have attempted to calculate corrections to the
simple mean field theory for binary polymers blends [5-8]
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by introducing a Gaussian approximation for distribution of
fluctuations of the auxiliary J about its saddle point. In any
perturbative field theory, a Gaussian approximation for fluc-
tuations about the saddle point can be expressed diagram-
matically in terms of Feynman diagrams that involve only a
single “loop,” or a single wave vector integration. For this
reason, this approximation is often referred to (and will be
referred to here) as a “one-loop” approximation.

In all of these calculations, it was found that the predic-
tions of the one-loop approximation for corrections to the
mean-field free-energy density and for the inverse structure
factor [5-8] are dominated by the contributions of short-
wavelength fluctuations, with wavelengths of the order of a
coarse graining length or (equivalently) a cutoff length. If the
relevant Fourier integrals are cut off at a wave number A,
predictions for the apparent y parameter are found to contain
terms proportional to A and A3, which diverge in the limit
A — . In the jargon of field theory, the one-loop approxima-
tion was thus found to be ultraviolet (UV) divergent.

This UV divergence is not peculiar to studies that rely on
the auxiliary field approach, but arises in all coarse-grained
models of fluctuation effects in polymer liquids. The most
influential theory of fluctuation effects in diblock copolymer
blends is that of Brazovskii [14], Fredrickson, and Helfand
(BFH) [4]. The BFH theory and its descendants [15-19] are
based on an effective Hamiltonian formalism in which the
partition function is approximated as a functional integral
with respect to a fluctuating monomer concentration field,
rather than with respect to a fluctuating chemical potential. A
saddle-point approximation for the functional integral used
in the effective Hamiltonian approach yields the same mean-
field theory as that obtained by a saddle-point approximation
in the auxiliary field approach. The BFH theory is based on a
self-consistent one-loop approximations for fluctuations
about this saddle point. As emphasized by Kudlay and
Stepanow [18], this approach leads to UV divergences analo-
gous to those encountered in the auxiliary field approach.

The physical reason for this sensitivity to the value cho-
sen for the cutoff length A~! is not hard to understand. The
total free energy of a polymer liquid is only subtly different
from that of a corresponding liquid of oligomers, because
both are dominated by the effects of monomer scale liquid
structure. It should thus be no surprise that the free-energy
density of a coarse-grained model is sensitive to our choice
of cutoff length: The total free energy is sensitive to every
detail of local fluid structure, at the shortest wavelength rel-
evant to whatever model we consider.

Phenomenological SCFT assumes that this sensitivity to
local structure can be encapsulated within a few phenomeno-
logical parameters. Phenomenological SCFT is widely be-
lieved to be asymptotically exact in the high molecular-
weight limit, except within a Ginzburg region very near the
spinodal. If we asssume this to be true, however, we should
nonetheless expect to obtain different estimates for the val-
ues of the SCFT phenomenological parameters from differ-
ent mathematical approximations for the properties of a
given microscopic model. Specifically, we should expect to
obtain different approximations for the y parameter and sta-
tistical segment lengths from a one-loop approximation than
those obtained from the simple mean-field approximation.
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One-loop corrections to the predictions of the simplest
mean-field theory should thus be understood to contain two
conceptually different kinds of corrections:

(1) Corrections to mean-field estimates of the parameters
of SCFT, e.g., of the statistical segment lengths and effective
interaction parameters.

(2) Corrections to the phenomenology of SCFT, which
cannot be absorbed into corrections to these parameters. We
expect these to become small in the limit N— %, except
within a narrow temperature window near the spinodal.

We expect corrections to the SCFT parameters to be sen-
sitive to our treatment of short wavelength correlations, and
thus, in a coarse-grained theory, to our choice of cutoff wave
number. Conversely, we expect corrections to the phenom-
enology of SCFT, such as corrections to Gaussian chain sta-
tistics or to RPA predictions of the functional form of S(k), to
arise primarily from longer wavelength fluctuations, and to
be independent of A. One goal of this paper is to provide
mathematical evidence for the consistency of this physical
picture.

Our ultimate goal is to construct a renormalized perturba-
tion theory that allows us to unambiguously calculate correc-
tions to phenomenological SCFT. We assume (subject to
confirmation) that a SCFT with renormalized parameters is
asymptotically exact in the limit N— . We thus hope to
construct a theory in which all corrections to this form of
SCFT can be shown to vanish in the limit N—o. The as-
sumption that SCFT becomes exact as N— % implies, how-
ever, that all large, UV divergent contributions to the calcu-
lated correlation functions (which generally do not vanish in
the limit N — o) must preserve the dependence on wave vec-
tor, chain length, and architecture predicted by SCFT. This is
possible only if all of the UV divergent terms in the one-loop
approximation can somehow be absorbed into corrections to
the values of the phenomenological parameters used in
SCFT.

This criteria for “renormalizability” imposes some non-
trivial constraints on the allowed functional forms of UV
divergent corrections. It implies, for instance, that any UV
divergent contribution to S~!(k) that we wish to interpret as a
renormalization of x be completely independent of k and N,
and that it have the same value in a polymer blend and a
diblock copolymer melt of the same composition, as is as-
sumed for the y parameter in SCFT. Similarly, it requires that
any contribution to S~!(k) that we associate with a renormal-
ization of a statistical segment length exhibit the nontrivial
but predictable £ dependence of the change in the RPA pre-
diction for S~!(k) that would be caused by a slight swelling
or a contraction of Gaussian chains due to a change in sta-
tistical segment length. We show here that these criteria are
actually satisfied by the one-loop approximation.

C. UV divergences in prior work

The UV divergence of the one-loop theory has inspired a
variety of responses in prior work.

In studies of fluctuation effects in polymer blends, several
authors have introduced a cutoff A that is assumed to be of
order the inverse monomer size, and simply reported the
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dominant UV divergent contributions as functions of A
[5-7,20]. These results have sometimes been interpreted as
meaningful predictions for the dependence of the y param-
eter [5-7] or the statistical segment length [20] upon micro-
scopic structure. We believe that this interpretation is mis-
guided: When a prediction of a coarse-grained model for
some quantity depends upon a microscopic cutoff length, it
indicates only that the value of that quantity is sensitive to
details of local fluid structure that such a model should not
be expected to accurately describe.

Holyst and Vilgis [9,10] have instead argued for the intro-
duction a cutoff length of the order of the polymer coil size
Rx\Nb as a way of controlling the UV divergence. Their
reasoning is worth recounting: Holyst and Vilgis [9] posed
the question of whether the cutoff length that was needed as
a result of the UV divergence of their theory should be taken
to be a length of the order of the monomer size b or the coil
size R. They noted that a cutoff length of order » would lead
to corrections to the mean-field (i.e., saddle-point) theory
that do not become small in the limit N— . They thus re-
jected this option in favor of the introduction of an ad hoc
cutoff length of order R. These authors were thus led into a
quandary, in part, because they did not make the conceptual
distinction made here between the microscopic mean-field
theory, which is certainly not exact in the limit N—oc, and
phenomenological SCFT theory, which (we argue) is.

In Brazovskii’s analysis of weakly first-order crystalliza-
tion, he considers a UV divergent integral expression for
S~!(k), but never mentions its divergence. This UV diver-
gence is also not mentioned by Fredrickson and Helfand [4]
in their application of Brazovskii’s analysis to diblock co-
polymer melts. Instead, these authors all report the UV con-
vergent part of the integral, which develops an infrared (IR)
divergence at the SCFT spinodal, and discard the UV diver-
gent contribution without comment. This approach is consis-
tent with that normally taken in field theoretic studies of,
e.g., the Ising critical point [21], in which it is well known
that an analogous UV divergence of the one-loop theory can
be absorbed into a renormalization of the critical tempera-
ture. This interpretation of the divergence in the Brazovskii
model was made more explicit by Dobrynin and Erukhimov-
ich [15], who noted (in their Appendix) that it could also be
absorbed into a shift in the critical temperature.

This approach is the only appropriate one in the study of
very generic models, such as the original Brazovskii model,
in which the critical temperature is treated from the outset as
an unknown parameter. It becomes problematic only when
such a field theoretic treatment of fluctuations is grafted onto
a SCFT theory that we expect to become exact in the limit
N— . SCFT predicts nontrivial relationships between criti-
cal temperatures and order-disorder temperatures of homolo-
gous systems containing polymers that are constructed from
the same monomers, but which have different lengths or ar-
chitectures (e.g., blends and diblock copolymer melts). If we
were to treat the transition temperatures for different such
systems as completely independent parameters, we would
forego the ability to say anything about corrections to SCFT
predictions for these relationships. UV divergent contribu-
tions to the one-loop theory can be made truly benign only if
they can be related to the parameters of SCFT.
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We are aware of two previous attempts to renormalize the
theory of fluctuations in blends or copolymer melts, similar
in spirit to that given below:

Kudlay and Stepanow [18] attempted to renormalize a
refined version of the one-loop approximation for S~'(k) in a
diblock copolymer melt introduced by Fredrickson and Hel-
fand. These authors proposed (in effect) that the UV diver-
gence of S!(k) could be tamed if it could be absorbed into a
renormalization of the Flory-Huggins y parameter. They
concluded, however, that this interpretation was not tenable
for the theory that they considered, because the UV diver-
gence of S~!(k) in this theory was shown to exhibit a non-
trivial dependence on k, and because different results for the
UV divergent contribution were obtained for a diblock co-
polymer melt and for a binary blend of the same composi-
tion.

The first successful attempt to renormalize a prediction of
a one-loop theory to our knowledge was given by Wang [8].
Wang used the Edwards’ auxiliary field approach to derive an
expression for a one-loop correction to the k=0 limit of
S7(k) in a binary homopolymer blend. He showed that the
result was the sum of a UV divergent part that he interpreted
as a renormalization of y, and a UV convergent contribution
that vanishes in the limit N— o, as suggested by the physical
picture discussed above. The main limitation of Wang’s cal-
culation is that the method that he and others [5-7] have used
to calculate S~!(k=0) in a blend is not easily generalizable to
allow the calculation of S~!(k) at k0, or to study fluctua-
tions in block copolymer melts. Wang was thus not able to
examine either the k£ dependent or the architecture depen-
dence of his results. As such, Wang’s calculation left open
the question of whether his proposed renormalization scheme
would have passed the more stringent consistency require-
ments imposed by Kudlay and Stepanow. Wang’s analysis is
discussed in detail in Sec. III. Our analysis builds directly
upon Wang’s, and removes many of its limitations.

D. Outline

The paper is organized as follows: Section II introduces
the coarse-grained model of interest, as well as several math-
ematical and conceptual definitions that are needed to dis-
cuss our results. Section III contains an overview of our
renormalization procedure and results, beginning with a re-
view of Wang’s results. We hope that readers who are inter-
ested in understanding only the main physical ideas and re-
sults will be able to follow to this point.

Sections IV-XII present the technical details of our analy-
sis. Section IV reviews the auxiliary field method, and the
Gaussian and/or one-loop approximation. Section V reviews
the one-loop calculation of the free energy density of a ho-
mogeneous binary blend, and a corresponding analysis of
$71(0), in which we retain some subdominant terms that pre-
vious authors ignored. In Sec. VI, we give a self-contained
derivation of the one-loop correction to S~'(k) at arbitrary k
by functional differentiation of the Gaussian approximation
for the free-energy functional. In Sec. VII, we review the
general diagrammatic rules obtained in Ref. [13]. These pro-
vide an alternate path to the same expressions for S(k), and
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also allow us to separate intramolecular from intermolecular
correlations. In Sec. VIII, we convert our expression for the
one-loop correction to S~'(k) at fixed chemical potential
(grand-canonical ensemble) to a corresponding correction for
a closed system (canonical ensemble). In Sec. X, we analyze
the UV divergence of the one-loop approximation for S~!(k)
for a binary blend. In Sec. XI, we present the corresponding
calculation for a diblock copolymer melt. In Sec. XII, we
show that O(1/N) corrections to the UV divergent part of
S7'(k) can be consistently interpreted as the result of end
effects, and of a square-gradient contribution to the interac-
tion free energy.

Section XIII presents a power counting analysis of the
UV divergence of an arbitrary diagram, at any order in a loop
expansion. We also show there that a renormalized loop ex-
pansion will yield an asymptotic expansion of corrections to
SCFT in powers of 1/N. Section XIV discusses the rela-
tionship between this work and the extensive literature on the
excluded volume problem in polymer solutions. Concluding
remarks are given in Sec. XV.

II. MODEL AND DEFINITIONS

In what follows, we explicitly consider binary homopoly-
mer blends and diblock copolymer melts. We adopt a nota-
tion that allows for a mixture of any number of molecular
species constructed from a palette of any number of mono-
mer types. Let p, be the number concentration of molecules
of species a in a mixture. Let ¢;(r) be the fluctuating number
concentration of monomers of type i at point r. If R,,,(s)
denotes the position of monomer s of monomer type i on
molecule number m of species a, then

ci(r) = E 6(1' - Rami(s))' (3)

sma

Here, the sum over s is taken over monomers of type i on
molecules of species a, the sum over m is taken over mol-
ecules of species a, and the sum over a is taken over all
species that contain i monomers. We will consider a nearly
incompressible liquid with an average volume v per mono-
mer, in which v is the same for all monomer types, and
independent of composition in a mixture.

A. A coarse-grained model

Consider a coarse-grained model for polymer liquids in
which the total potential energy is a sum

U = Ucpgin + Ui + Uext[h]v (4)

of an intramolecular potential energy Uy,;,, @ pair interaction
potential

1
U =52 J dr f dr'Uylr = )eDer),  (5)
ij

and an external potential
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Ulh]=-3 f drh(r)e r). (©)

Here, U;(r—r’) is a pair potential for interactions between
monomers of types i and j, and &,(r) is an external potential
field conjugate to c,(r). The external potential fields are in-
troduced as a mathematical convenience, and are set to zero
in all final expressions.

In what follows, we sometimes use a compact notation in
which a binary operator “ ™ is used to indicate integration
over a shared coordinate (or wave vector) and summation
over a shared monomer type index. For example,

1
UinFEC* U=c, (7)

Uextz_h*cv (8)

in this notation.

We assume in what follows that U, is adequately ap-
proximated at the length scales of interest by the stretching
energy of a continuous Gaussian chain. Let b; denote the
statistical segment length for monomers of type i on an iso-
lated chain (with U;,=0), and

l;=vlb? )

be the corresponding packing length for monomers of type i.
We consider a class of models in which the Fourier trans-
form U;;(k) of the pair potential U;;(r—r’) is of the form

Ui(k) = U,F(k/A), (10)

where Uj; is a matrix of interaction strengths with dimen-
sions of volume, A is an inverse range of interaction, and

F(k/A) is a function that approaches 1 as k/A—0. This
corresponds to a pair potential in coordinate space

), (11)

where the function F is the inverse Fourier transform of F ,
and satisfies the normalization condition [dxF(x)=1. The

Uj(r—r") = (_]ijA3F(A|r —r'

interaction matrix 17,-]- is taken to be of the form

_ B By+
U,~=v{ 0 0 Xo}

(12)
! By+xo By

The resulting potential energy reduces in the limit of slow
spatial variations, in which the characteristic scale for gradi-
ents is much larger than A~!, to a continuum approximation

1
Uimzvfdr{EBo(Cl+C2)2+X001C2}a (13)

in which By/v is the mean-field compression modulus.

The analysis presented here can be carried out in either
canonical or grand-canonical ensemble, with only minor dif-
ferences. We will work in grand-canonical ensemble. Let
Z[h] denote the grand canonical partition function, for some
choice of chemical potentials. Let F[{c)] be the correspond-
ing free energy expressed as a functional of the average
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monomer concentration fields. This is defined by the Leg-
endre transform

Fl[{c)]==InZ[h]+ h *{c). (14)

Here, £ is the external field required to establish a monomer
concentration {c), which is related to F by a functional de-
rivative

SF[(c)]
&ei(r))

In Eq. (14), and hereafter, we use energy units in which
kBTzl.

hi(r) = (15)

B. Correlation functions

We focus on the calculation of the correlation function
S;i(r,x") = (dc,(r) c;(r')) (16)

and its Fourier transform

Sifk) = f dr'S;(r,0)e™", (17)

where &c;(r) = c;(r)—{c;(r)). This quantity obeys the identi-
ties

& InZh]
Sirr) = G on ) (18)
(%)
S ) = S e ) (19

The inverse S! is defined in coordinate space by requiring
that S*S~'=5, where & denotes 8(r,r’)dy, or in Fourier
space by requiring (for a homogenous liquid) that
38, (K)S (k) = 0y

We define an intramolecular correlation

Qa,ij(r’r,) = 2 <Cami(r)camj(r,)>s (20)

that describes correlations between pairs of monomers on the
same molecule m of a specified species a, in which

cami(r) = E 5(1' - Rumi(s)) (21)

is the concentration of monomers of type i on a specific
molecule m of species a. The sum over m in Eq. (20) is over
all molecules of type a. The sum over s in Eq. (21) is over all
monomers of type i on molecule m.

In a molecular mixture, let );,(r,r’), with no species in-
dex a, denote the total contribution

Qur,r') = 2 Q,(r.r), (22)

of intramolecular correlations to S,»j(r,r’). Here, the sum is
taken over all species a that contain both i and j monomers.
In a binary mixture of homopolymers of species a=1 and 2,
the only nonzero element of (), ;; for homopolymer 1 is the
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element i=j=1, while the only nonzero elements of (};; are
the diagonal elements, with i=j. In a single component co-

polymer melt, (), ;; and €);; are identical.

C. Self-consistent field theory

Polymer SCFT is a density functional theory of inhomo-
geneous polymer liquids. It is based upon an approximation
of the free energy functional F[{c)] as a sum

F[<C>] = Fchain[<c>] + Fint[<c>]’ (23)

in which F,;, is the free energy of a hypothetical reference
system of noninteracting polymers with a specified average
concentration profile, and F;,[{(c)] is an additional “interac-
tion” free-energy functional.

The functional Fp,,[{c)] is the free energy of a hypo-
thetical system of noninteracting chains, with U;,=0, in
which a monomer concentration {(c) is maintained by a po-
tential Uy, [h], with an applied field h. The field / thus sat-
isfies an identity

~ OF .
hi(l') — cham[<c>]
&ci(r))
as a special case of Eq. (15). Applying Eq. (15) to Eq. (23)
for F[{c)] yields a self-consistent field equation
OFinl ()]
&Kei(r))

Here, h,(r) is the external field that must be applied to the
interacting fluid to establish a monomer concentration field

(24)

hi(r) = hy(r) - (25)

{c), ﬁi(r) is the field required to establish the same concen-
tration field in the noninteracting reference system, and
OF;,/ &c) is an “internal” field contribution.

By itself, Eq. (23) is merely a definition of F;,, rather
than a predictive theory. The standard coarse-grained model
for dense multicomponent liquids of flexible polymers [22]
may be obtained by supplementing this with the following
physical assumptions:

(a) Gaussian chains. Polymer conformations are ad-
equately described at the mesoscopic scales of interest as
Gaussian random walks.

(b) Locality. The interaction free-energy Fj, may be ad-
equately approximated by a local functional of the form

Finl{c)]= f drfin(ci(r),c(r)), (26)

where fi(c;(r),c,(r)) is a free-energy density at point r that
depends only upon the monomer concentrations at point r.
More precisely, it is assumed that the range of any nonlocal-
ity in F;,, is of the order of the monomer size, and that this is
small compared to the length scales of interest in applica-
tions of the coarse-grained theory.

(¢c) Incompressibiliry. Tt is often assumed that liquid is
essentially incompressible at the length scales of interest. If
coarse-grained 1 and 2 monomers have been defined so as to
occupy the same volume v, this may be expressed by a con-
straint
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v = (e (1) +{ea(r)). (27)

The simplest form of phenomenological SCFT for systems
with two types of monomers assumes, in addition, that f;, in
an incompressible liquid may be adequately described by the
Flory-Huggins expression, fi,=vx{cs(r)){cp(r)) with an in-
teraction parameter y. This simple assumed composition de-
pendence is not a necessary or essential part of the theory.

To precisely define the decomposition of F into F,;, and
Fi in Eq. (23), we must make a choice of what single-chain
reference Hamiltonian to use to define the ideal gas free en-
ergy F.n.in- The physical reasoning underlying SCFT sug-
gests that this reference Hamiltonian should yield chain con-
formations that, in a homogenous state, are similar to those
in the liquid of interest. Even chains that are approximately
Gaussian in a dense liquid generally have statistical segment
lengths that are slightly different from those of a correspond-
ing system of noninteracting chains [20]. In what follows, we
will thus define F,;, to be the free energy of a hypothetical
system of noninteracting chains in which the single-chain
reference Hamiltonian is chosen so as to yield exactly the
same single-chain probability distribution as that found for
chains in the homogeneous state of the liquid of interest. The
intramolecular reference Hamiltonian used to calculate F ;.
should thus be understood to be a single-chain potential of
mean force, rather than the bare intramolecular potential
Usgpain- This is equivalent to defining Fg,;,[{c)] to be the
Legendre transform of the generating functional for the in-
tramolecular correlation functions in the homogeneous state
of the dense liquid. The 2-point intramolecular correlation
function );;(k) in the dense liquid is thus related to Fpyp, if
defined in this way, by an identity

) FF ()]
Q,.l . " — chain!
i () = e )

analogous to Eq. (19). Our results indicate that the UV di-
vergent part of the one-loop contribution to the remaining
free-energy F;, is actually a local functional only if F .,
and F,, are defined in this way.

(28)

D. Ornstein-Zernicke relation

It is useful to introduce a generalized Ornstein-Zernicke
(OZ) relation [23-26]

S;jl(r,r') = Qi‘jl(r,r’) - Cy(r,r") (29)
or
S (k) = Q7' (k) - C;(k) (30)

in a homogeneous liquid. Equation (29) defines the direct
correlation function Cj;.

The single-chain correlation function €2;;(k) is related to
the reference free-energy F.[{c)] as defined above by Eq.
(28). The direct correlation function is intimately related to
the interaction free-energy Fj,. Combining Egs. (19), (28),
and (29) with Eq. (23) for F yields an identity
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Assuming that F, is a local functional thus implies that the
Fourier transform C;;(k) should be independent of k.

In the case of a binary blend of two homopolymers, the
k— 0 limit of the transform C;;(k) is related to the compo-
sition dependence of the free-energy density of a homoge-
neous mixture. Consider a homogeneous blend of two ho-
mopolymers, in which N; is the degree of polymerization of
i homopolymers, ¢;=N,p; is the macroscopic (i.e., spatial av-
erage) concentration of i monomers, and fi,(c;,c,) is the
interaction free-energy density of the mixture. Then

ﬂzfint
aCiC?Cj ’

Cylr.r') = (31)

k—0

E. Incompressible limit

A simplified expression for S;;(k) may be obtained in the
limit of an incompressible liquid. In a nearly incompressible
liquid containing two types of monomer of equal volume, the
2 X2 matrix S;;(k) has two widely disparate eigenvalues: In
this limit, one eigenvector of S;(k) must approach a pure
“composition” mode, [Xc,(Kk)),Xc,(K))]ec[1,-1], which
satisfies the constraint Xc,(k))+ &c,(k))=0, and thus avoids
the large free-energy penalty for changes in total monomer
density. The second eigenvector must have a vanishing inner
product with the first, and so must approach a pure “com-
pression” mode, [ Xc;(K)), &cy(k))]ec[1,1].

The incompressible limit of S;;(k) may be obtained by
assuming that the eigenvectors approach the limits described
above, and taking the eigenvalue of the compression mode to
vanish. Alternatively, it may be obtained by assuming C;;(k)

to be of the form C;i(k)=-B+&C;;(k), and taking B to infin-
ity while keeping 6C;;(k) finite. Either method yields a ma-
trix correlation function of the form

+1 -1
S(k) =S(k)[ } (33)
-1 +1
with a scalar correlation function
Ok
S0 = 1Q(K)| (34)

Q. (k) - 20 x,(k)|Q(K)|
where

Q,(k) = Qpy(K) + Qpo(k) + Q (k) + Qy(k),

|QK)| = O, (K)Qy(k) — Q5(k) Dy, (K) (35)

are the sum of elements of ();;(k) and its determinant, re-
spectively, and where

X9 = €09+ Cnll) 20509 (30

is a wave-number-dependent “apparent” y parameter. This
definition was introduced by Schweizer and Curro [25,26]
using similar reasoning.
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In an incompressible binary homopolymer blend, the
long-wavelength limit

Xo(0) = lim x,(K) (37)
k—0
may be expressed as a derivative
v &zfim(d)l)
0)=—7-—7"7>5—, 38
Xa0) == 2= pe (38)

where f;, is expressed as a function of the total volume
fraction ¢, =vc; of one of the two homopolymers.

III. OVERVIEW

In this section, we provide an overview of our renormal-
ization procedure, and summarize our main results.

A. Mean-field theory

A saddle-point approximation to the Edwards auxiliary
field theory yields a very simple mean-field theory. This is a
form of SCFT in which F,,[{c)] is approximated by the
free-energy functional for a gas of noninteracting chains,
with a single-chain Hamiltonian U,,;,, and in which

1
Fim=§fdrfdl"(Ci(r)>Uij(r—r')(cj(r’))- (39)

This approximation yields a self-consistent (saddle-point)
field

ﬁi(r)=hi(r)—fdl"Uij(r—r')(cj(r’»- (40)

In this approximation, the internal contribution to /;(r) (i.e.,
the convolution integral in the above) is literally a “mean”
field, insofar as it is approximated by the ensemble average
of the fluctuating potential field —[dr'U,(r—r')c;(r') at
point r.

The characteristic features of this microscopic mean-field
theory, however it is obtained, are that (i) Fj, is approxi-
mated by an expression for the average interaction energy
(U;,p that neglects all correlations in monomer density, and
(ii) intramolecular correlations are taken to be identical to
those of a gas of noninteracting molecules. This theory yields
a direct correlation function C;;(k)=-U;(k), an apparent
x-parameter x,(k)=yx, for k<A, and statistical segment
lengths equal to those of the noninteracting chains.

B. One-loop approximation for free energy

The treatment of fluctuation effects given in this paper is
based on a one-loop (or Gaussian) approximation. Several
authors [5-8] have previously obtained a one-loop approxi-
mation for x,(0) by calculating the free energy of a homo-
geneous blend as a function of composition, and applying
Eq. (38). All of these studies started from an idealized model
in which chains are treated as continuous Gaussian threads,
the pair interaction is taken to be nominally pointlike and in
which the liquid is taken to be nominally incompressible.
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When these assumptions are all taken literally, the resulting
one-loop correction to x,(0) is given by a Fourier integral
that diverges at large wave number, i.e., that is UV divergent.
The divergence can be removed either by introducing a dis-
crete chain model or by introducing a nonzero range for two-
body interactions [13]. In all of these previous studies, the
integral expression for x,(0) was regularized by restricting
the integral to wave numbers less than a cutoff wave-number
A.

This regularized one-loop approximation for binary ho-
mopolymer blends, which is presented in Sec. V, yields an
apparent y parameter of the form

2

H: 3
Xu(0) =X+ AN’ + Bxoh + 2 A+ 0 (0),  (41)
i=1 Vi

where
A= (ll - 12)20
247
61315

bl

P

3l

H=-1 (11—12)

3 z2

==L~ 11) (42)

and

1(¢)) = ¢l + bol,. (43)

Here, 5)(*(0) is a contribution that remains finite in the limit
A — o (i.e., that is UV convergent).

The dominant UV divergent parts of this result have been
reported previously. De la Cruz et al. [5] considered the
structurally symmetric case b;=b,, for which A=0, and re-
ported the contribution of the form ByyA. Fredrickson and
Liu [6,7] instead considered the athermal case b, # b, and
Xo=0, and so found the AA® contribution. Wang [8] retained
both of these contributions. The terms proportional to A/N
have not been retained or analyzed in previous work.

Wang was the only one to attempt to renormalize this
theory, in the sense proposed here, by absorbing the strongly
cutoff-dependent contributions to y, into a redefinition of the
SCFT y parameter. Wang proposed that the y parameter used
in phenomenological SCFT theory be identified, within the
one-loop approximation, with a sum

Xett = Xo+ AN’ + BYA. (44)

This definition of . is independent of chain length and
architecture, and is thus consistent with the physical picture
of x in SCFT as a parameter that is sensitive to details of
local fluid structure, but insensitive to changes in chain con-
nectivity at longer length scales.
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By absorbing the dominant cutoff-dependent terms into a
renormalization of y, while ignoring the contributions of or-
der A/N, Wang was able to isolate the remaining UV con-
vergent contribution 8y (0). It is this quantity that contains
predictions of the renormalized theory for corrections to
SCFT phenomenology. By introducing several further ap-
proximations, Wang obtained an approximate analytic ex-
pressmn for 5)( (0). Both Wang’s analytic approximation
Sx (0) and the full one-loop integral expression for this
quantity may be expressed in the nondimensionalized form

1
NOYX (0)= 208 (. NN bilb), - (49)

in which 5)2* is a dimensionless function of all of the dimen-
sionless variables relevant to SCFT. Here, N is a reference
degree of polymerization (e.g., typically N, or N,),

N = Nb®v? (46)

is an invariant degree of polymerization, and b is a reference
statistical segment length (e.g., b, or b,). The value of y used
in the integral that defines the right-hand side (RHS) of Egq.
(45) may be taken to be either x.g, to obtain a renormalized
perturbation theory, or may be replaced by x,(0) to obtain
the type of self-consistent one-loop approximation consid-
ered by Wang. In either variant of the theory, the resulting
correction to SCFT vanishes in the limit N— o as a result of

the prefactor of N~"2,

After showing how to remove the UV divergence from
this calculation, Wang focused primarily on a discussion of
Sx (0) near the spinodal, which determines the critical be-
havior of a blend. We will defer our own discussion of this
subject, and other physical predictions of the one-loop
theory, to a subsequent publication.

C. One-loop approximation for S(k)

In Secs. X and XI, we analyze the UV divergent contri-
butions to S~'(k) in homopolymer blends and diblock co-
polymers, respectively. The physical assumptions underlying
phenomenological SCFT allow for the possibility that both
the y parameter and the statistical lengths may be different in
a one-loop approximation from those obtained in mean-field
theory. Renormalization of a local y parameter is expected to
introduce a k-independent change in S~!(k). Changes in sta-
tistical segment length would give rise to changes in S~!(k)
with a nontrivial, but foreseeable, wave number dependence.
To distinguish these effects, we use the OZ expression for

_l(k) and calculate separate one-loop contributions to the
smgle -chain correlation function {2;;(k) and to the direct cor-
relation function C(k). As in the simpler calculation of
X.(k=0) discussed above we divide the one-loop contribu-
tion to each of these quantities into a UV-divergent part that
we calculate explicitly, and a remaining UV-convergent part
that will be examined elsewhere.

1. Intramolecular correlations

The standard SCFT assumes that polymers are approxi-
mately Gaussian in a dense mixture, but not that the statisti-
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cal segment lengths are necessarily the same as those in a
reference system of noninteracting chains. Let Q j(k;b) de-
note the single-chain correlation function for a Gaussian
chain with a specified statistical segment length b, or (for a
diblock copolymer) with a specified pair of statistical seg-
ment, b=(b,,b,). For a homopolymer, ﬁij(k) with i=j is
proportional to a Debye function. If the only effect of inter-
actions upon the single-chain correlation function ();;(k)
were to change the values of the statistical segment lengths,
we would expect to find

Q(k) = ﬁij(k;bo +0b), (47)

where by is the “bare” statistical segment length (or lengths)
for noninteracting chains, and b is a correction arising from
interactions. This correction is calculated here to first order
in a loop expansion. To first order in an expansion in powers
of ob, or to first order in a loop expansion, we would expect
a renormalization of b to yield a result of the form

Q0(k; b)
0,(k) = Qyylksbg) + 2 —Tﬁbk (48)
In the case of a homopolymer blend, the only nonzero terms
in the sum are those with i=j=k. The more general notation

is required for a diblock copolymer melt, in which Q,,(k;b)
is a nonzero function of both b; and b,. In addition to this
renormalization of the statistical segment lengths, we expect
to find small corrections to Gaussian chain statistics. We thus
expect to find a total one-loop contribution to €2;;(k) of the
form

o), (k;b)

5, (k) = 2—;517,( 8Q,(k), (49)

in which 59;(/’() is an UV convergent correction that van-
ishes in the limit N — .

Our results for the one-loop contribution to (); (k) are
completely consistent with the above discussion: We find
that the UV-divergent parts of the one-loop contribution to
(k) in both homopolymer blends and diblock copolymer
melts have precisely the wave-number dependence suggested
by Eq. (48). The calculated fractional change in statistical
segment length b;, to first order in a loop expansion, is given
by an expression

b, I
—t_ _l_A (50)
bi 2

that increases linearly with A. Identical expressions for &b,

are obtained from calculations of Q ;(k) in a homopolymer
blend and in a disordered diblock copolymer melt with the
same overall composition. Equation (50) for &b, was ob-
tained previously by Wang [20] by considering the effect of
fluctuations upon the end-to-end vector of a single chain in a
binary blend.

The UV convergent one-loop contribution 59 can be
isolated by subtracting the above UV divergence from the
total one-loop contribution. Our result for this quantity is
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given by a convergent Fourier integral that can be expressed,
in either blends or diblock copolymer melts, in nondimen-
sional form

v A
VO (0 = —— SR YN. ....) (51)

in which 5(); is a dimensionless function of all of the di-
mensionless variables of SCFT (i.e., YN, ¢, N,/N,, and
b,/b, in a blend, or of N, f, and b,/b, in a diblock copoly-
mer melt), and of a nondimensionalized wave vector kR.
Here, R=\Nb, N is a reference degree of polymerization
(i.e., N; or N, in a blend or N in a diblock copolymer melt),
and b is a reference statistical segment length (i.e., b, or b,).

2. Intermolecular correlations

We now consider intermolecular correlations, as charac-
terized by the direct correlation function C;;(k). We showed
in Sec. II D that C; (k) can be expressed as a functional de-
rivative of the SCFT interaction free energy Fj,. The stan-
dard SCFT assumes that F;, is a local functional of mono-
mer concentration fields, and is independent of chain length
and architecture. If these assumptions were rigorously cor-
rect, the quantities C;(k) and x,(k) would be completely
independent of k, chaln length and architecture, but could
depend upon composition.

In Sec. X, we show that the one-loop approximation for
Xq(k) in a binary blend can be expressed as a sum

2
0= xS BN s s
=1 i

in which . is the renormalized y parameter glven explicitly
in Eq. (44), which is independent of k. Here, S (k) is a UV
convergent contribution that becomes significant only near a
spinodal, while H;(kR;) is a dimensionless function that ap-
proaches the constant H; given in Eq. (41) in the limit k
—0. The corresponding expression for y,(k) in a diblock
copolymer melt, which is analyzed in Sec. XI, is of the form

ﬂ/\ +0x " (k), (53)

X a(k) = Xett T
where N is the length of the diblock. Both calculations con-
firm that the contributions to S~!(k=0) that Wang absorbed
into x.¢ do indeed correspond, for k # 0, to quantities that are
independent of k and chain architecture, consistent with his
physical interpretation.

Our results for the UV divergent part of y,(k) simplify

considerably in the limit /;=/,=1 of equal statistical segment
lengths. In this case, the coefficient A vanishes in Eq. (44)
for x.s In addition, we find that the coefficients H; (in a
binary blend) and H (in a diblock copolymer melt) also van-
ish in this limit, for all k. In this case, we thus obtain

6 "
Xa(K) = X[l - ;l/\} + 0y (k), (54)

where I=1,=1,. Here, 8y (k) is a UV convergent part. The
term proportional to A is the UV divergent correction to y
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that was originally identified by de la Cruz er al. [5].

The corrections to SCFT that are of physical interest arise
from the smaller UV convergent contribution 5)(*(k). The
exact one-loop expression for this quantity is given by a UV
convergent integral, that may be expressed, in either blends
or diblock copolymer melts, in the nondimensional form

1
Nox, (k) = = 8% (kR.XN. ....), (55)
N]/Z

where 5)”(* is a dimensionless function of the same variables
as those used in Eq. (51). The k—0 limit of our result for
this quantity agrees with that obtained by examining the
composition dependence of the free energy density.

D. End-effects and square-gradient terms

The UV divergent terms in Egs. (52) and (53) that are of
order A/N cannot be absorbed into the renormalized SCFT
parameter x.i because they depend on molecular weight N,
wave number k, and chain architecture. To explain the physi-
cal origin of these terms, we consider a slightly generalized
form of SCFT in which we allow for two physical effects
that are not included in the standard form of the theory.
These are:

(1) Excess free energies associated with chain ends and
junctions between blocks in block copoymers.

(2) A square-gradient contribution to the one-loop interac-
tion free energy.

In Sec. XII, we thus compare our one-loop results for
x.(k) to the predictions of a phenomenological model in
which the UV divergent part of the one-loop contribution to
F;, is assumed to be of the form

5Fint = J dr<6flocal + E dawa + %D(V¢l)2> s (56)

where ¢(r)=vc,(r) is a local volume fraction for one of the
components in an incompressible liquid. Here, fj,qq(r) is a
local free-energy density, d,(r) is a local concentration of
chain end or junction “defects,” and #,(r) is an excess free
energy arising from the presence of a “defect” of type a. In
a binary homopolymer blend, d;(r) and d,(r) are the concen-
trations of chain ends for chains of type 1 and 2, respectively.
In a diblock copolymer melt, the index « can take values 1,
2, or J, where d,(r) is the local concentration of junctions
between the blocks. The free energy density Ofjoca(r), the
defect free energy i,(r) for each type of defect, and the
coefficient D are all assumed to be sensitive to local fluid
structure, and so may depend upon the cutoff A, the statisti-
cal segment lengths, and the local composition ¢, (r).
Excess free energies for chain ends and junctions can
arise in the one-loop approximation, even in a model in
which the end and junction monomers are assumed to be
identical to other monomers of the same type, simply be-
cause the local environment of a chain end or junction is
different from that of a monomer in the middle of a long
chain. This difference is captured at a crude level even by a
one-loop theory. In any real polymer liquid, the excess free
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energy associated with chain ends would also be sensitive to
any differences between the actual chemical structure of the
terminal units and the chemical repeat unit.

Previous analyses of the one-loop approximation have ig-
nored these O(A/N) contributions to x,(k). It was tempting
for us to do the same, on the grounds that these terms are
smaller by a factor of 1/N than those absorbed into X,
Actually, however, these contributions are the same order in
an expansion in 1/N as the term proportional to x,, since xq
must be less than a binodal value of O(1/N) in order for the
homogeneous state of interest to remain stable. We also
found that we needed to analyze and subtract these O(A/N)
divergences in order to carry out the numerical renormaliza-
tion procedure that we are now using to calculate UV con-
vergent predictions of the theory. This procedure is described
briefly in Sec. XV.

We discuss contributions to Sy,(k) that arise from a pos-
tulated square-gradient contribution to F;, simultaneously
with those that arise from end and junction defects because
we find that these contributions are otherwise difficult to
disentangle. The square-gradient contribution to JFj, in the
above model simply adds a contribution Sy, (k)=—5Dk* to
x,(k). This, however, can also be written as Jy,(k)=
—2DK*R*/Nb?, where R= JNb, and so can be absorbed into a
contribution of the more general functional form H(kR)A /N,
if Doc A. The only way for us to identify a squared-gradient
contribution is thus to explicitly calculate the wave-number
dependence that would be produced by end and junction de-
fects alone, and then see if our one-loop results for Sy, (k)
can be expressed as the sum of this defect contribution plus
an additional square-gradient contribution.

1. Free energy of homogeneous liquids

Expressions for fj,.a and ¢, in this generalized SCFT
may be obtained by examining the one-loop contribution to
the free-energy density of a homogeneous liquid.

The quantity Jfj..q may be obtained by considering the
N — o limit of the UV divergent part of the free-energy den-
sity of either a homogeneous binary blend or a disordered
diblock copolymer melt. In either case, we obtain

1 I 2 6 1L,
O tocal = ﬁlln<1wom> + 5]1\3 - Wz_v7X0¢1¢zA,
(57)

where ¢; is the macroscopic volume fraction of i monomers.
The one-loop contribution to the parameter y.g defined in
Eq. (44) is related to 8fjy.y by a second derivative with re-
spect to ¢, as in Eq. (38).

In a homogeneous binary blend, we find that the total UV
divergent part of the one-loop free-energy density Jf of a
liquid of finite chains may be expressed as the sum

2¢, 2¢,
O = Ofocal + ——th + =4, 58
f flocal va l/’l NQU '7/12 ( )

where 2¢,/N v is the concentration of chain ends for chains
of type « and
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Yo=———IA. (59)

The quantity ¢, is thus tentatively identified as the excess
free energy of an « chain end.

The corresponding free energy for a disordered diblock
copolymer melt can be written as a sum

1
Of = Oftocal + N_(lﬁl +ih+ ), (60)
v

where ¢, and ¢, are excess free energies for the ends of the
1 and 2 blocks, as given by Eq. (59). The remaining energy
Y, is given by

3
=———(,-1,)%A. (61)
'r//J 47721 1 2

This is assumed to be the excess free energy arising from the
junction in a single diblock copolymer. The fact that this
expression for ¢; vanishes in the limit /;=/, is consistent
with the fact that in the limit y,=0 and /,=/, the two blocks
of a diblock copolymer become indistinguishable, so that the
excess free energy associated with the junction must thus
vanish in this limit. (This argument would allow ¢;# 0 for
l,=1, and x,# 0, but this does occur to first order in a loop
expansion.)

2. Composition fluctuations

The main evidence for our interpretation of the O(A/N)
contributions to S~!(k) as a combination of end and junction
effects and square-gradient contributions is a demonstration
that the wave number and parameter dependence of these
terms can be explained by this interpretation.

In Sec. XII we present an RPA calculation for S~!(k) in a
system with an additional free energy of the form given in
Eq. (56), using the explicit expressions for i, given in Egs.
(59) and (61). For a binary blend, the required calculation is
the same as the RPA calculation for a blend of polymers with
chemically distinct end groups, or a mixture of CAC and
DBD triblocks with very short C and D end groups. The
calculation for diblock copolymers is similar to that for a
pentablock copolymer with very short end and middle
blocks. The inclusion of end effects in the RPA generally
yields contributions to S~!(k) that are proportional to 1/N,
with a nontrivial k dependence that is different in binary
blends and diblock copolymer melts.

The excess free energies associated with chain ends and
junctions affect the collective correlation function S(k) if and
only if the defect free energies ¢(r), ¥,(r), and ¢,(r) de-
pend upon the local composition ¢ (r). If the free energy per
defect depends upon the composition of its environment, de-
fects will tend to cluster where their free energies are lowest,
and to favor collective composition fluctuations that lower
the total defect free energy. In systems with /; # /5, the above
expressions for ,(r) generally do depend upon ¢,(r), be-
cause of the composition dependence of the average packing

length 1(¢;). Both end and junction defect free energies are
independent of ¢, when [, =1,, however, implying (correctly)
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that we should find no “defect” corrections to S~'(k) in this
special case.

We find that the results of this generalized RPA calcula-
tion exactly reproduce the structure of the UV divergent
O(1/N) terms obtained in our one-loop calculation of S~!(k),
if we allow for both end effects and a square-gradient con-
tribution to F;,[{c)]. The contributions to S~'(k) that arise
from the defects vanish in the limit /,=1/,, for the reason
discussed above. The value of the coefficient D that we infer
by this method (which is the same in binary blend and
diblock copolymer melts of the same composition) is given
by

1, -1,)?
(I - 1) A
37

Because both the defect contributions and this square-
gradient coefficient vanish when [;=1,, the O(A/N) contri-
bution to 6S~'(k) vanishes in this case.

The success of this approach strongly suggests that the
UV divergent part of the one-loop contribution to the free-
energy functional Fi,[{c)] is of the form assumed in Eq.
(56), even for strongly inhomogeneous liquids. We hope that
this result will also provide a basis for removing the UV
divergence of the one-loop approximation for the free energy
of ordered phases of block copolymer melts.

(62)

IV. AUXILIARY FIELD METHOD

The Edwards’ functional integral representation of Z may
be obtained from the identity

e—(l/2)c*U*c=N—1JD[J]e—(l/Z)J*U"l*JHJ*c. (63)

Here, [D[J] represents a functional integral with respect to
an auxiliary chemical potential field, where Ji(r) is a field
component that couples to ¢,(r). The constant N is given by
the integral

N= J D[J]e 17V, (64)

Substituting this representation of ¢~Vint into the definition of
the grand-canonical partition function Z yields a functional
integral

Z[h]=N"! f D[J]e 1, (65)

- 1
LihJl=InZ[h+iJ]- EJ x U (66)

Here, we have introduced the notation Z[E] for the partition
function of an ideal gas of molecules subjected to an applied

field h, for which the total potential energy is U+ Ugy[/]. In
Eq. (66), Z[h+iJ] is the grand-canonical partition function

for an ideal gas in which monomers of type i are subjected to
a fluctuating complex field
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hi(r) = hy(r) + iJ(r). (67)

Hereafter, quantities such as Z and & that are defined in this
ideal-gas reference state will be denoted with a tilde.

The functional derivative of In Z[k] with respect to / is
the average monomer concentration

_dln Z[h]

(ci(r)=——2
Sh,(r)

(68)
Here, (---) denotes an average taken in the ideal gas sub-
jected to a field h. Higher derivatives yield
8" In Z[h]
Sy (x1) Shy (1) -+ Sy (r,)

A" L r) . (69)

where

ﬁ(ﬁ)

iyip...i,

(rl’ s ’rn) = E 2 <Cami1(rl) T Camin(rn»

am sytc°sy,
(70)

is an n-point intramolecular correlation function in the ideal
gas reference state for monomers of types i;,i,,...,i, on the
same molecule.

A. Gaussian fluctuations

As already noted, a very simple form of mean-field theory
is obtained by applying a saddle-point approximation to
functional integral (65). Requiring that

SL[h,J
L — (7 1)
OJi(r)
and using Eq. (68) yields the saddle-point condition given in
Eq. (40), in which /;(r) denotes the saddle-point value of the
field h=h+iJ defined in Eq. (67), and in which (cj(r)) is the
corresponding ideal-gas monomer concentration.

A Gaussian approximation for Z is obtained by the ap-
proximating the deviation 6L of L from its saddle point value
by an expansion to second order in the deviation &J,(r)
=J,(r)-Ji(r) of J from the saddle-point field J°. We thus
approximate

6L2—%Z f dr f dr' G;;(x,x") 87(r) 87, (x')  (72)

where

SL[J,h]

~—1 A
Gy e ) == o ar )

i =S~2,~j(r,r’)+ l/le(r,r’).
(73)
In the Fourier space representation for a homogeneous fluid,
G, (k) =Q;(k) + U (k). (74)

The “propagator” G obtained by inverting G™' is the
screened interaction potential identified by Edwards [11,12],
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which is closely analogous to the electrostatic screened in-
teraction in the Debye-Hiickel theory of electrolytes. It was
noted by Edwards that results of the one-loop theory could
be obtained from a perturbation theory in which monomers
interact via this screened interaction. It was shown more sys-
tematically by one of us [13] that the diagrammatic pertur-
bation theory that arises naturally from the auxiliary field
method is equivalent to a type of molecular cluster expansion
in which interaction lines (or “bonds™) represent factors of
the screened interaction.
In the Gaussian approximation

Z=7ZZg;, (75)

where Z,=¢!""' is the saddle-point value, and Z; is a factor
arising from Gaussian fluctuations. The Gaussian contribu-
tion to the free energy in a homogeneous liquid is

-InZ;= %v f In det{ G (K)U(K)]
k

= %VJ In det[I + Q(K)U(K)], (76)
k

where det[- -] denotes the determinant of a 2 X 2 matrix.

B. Incompressibilty and regularization

In the limit k<< A, an explicit expression may be given for

G(k) for a nearly incompressible homogeneous liquid. By
taking the incompressible limit By— o, while approximating

F(k/A)=1 for k<A, we obtain

 1=20x0|Q (k)| Q5 (k)

Gyj(k) = — - (77)
3, (k) - 20x,|(K)

The “1” in the numerator denotes a contribution of unity to
every matrix element.

In the opposite high-wave-number limit k> A, the bare
potential U(k) in any liquid with a large but finite bare com-
pression modulus B, is assumed to become vanishingly
small, as a result of the decay of the crossover function
F(k/A). This decay of the bare potential will also cause the

screened potential G(k) to become very small for k> A.
In Eq. (76), the Gaussian contribution to the free energy is
expressed as a Fourier integral in which the integrand de-

pends on G(k). This is a generic feature of the auxiliary field
theory: Fluctuation corrections to mean-field results for all
quantities of interest may be expressed as Fourier integrals

involving factors of the screened interaction (~}(k). Because

both U(k) and G(k) vanish for k> A, the use of any model
with a nonzero range of interaction A~!, rather than a point-
like interaction, thus naturally introduces a cutoff length.
The effects of a nonzero range of interaction A~' may
thus be crudely mimicked by treating A as a cutoff wave
number, and simply suppressing contributions from wave
vectors k> A in all Fourier integrals. This regularization
scheme, which we will adopt, is equivalent to the use of a
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model in which U(k) is independent of k for all k<A, and
zero for all k> A. In what follows, we will also restrict our-

selves to the nearly incompressible limit, in which G(Kk) is
given for all k<A by Eq. (77).

We consider a Gaussian approximation for the free energy
density of a homogeneous liquid (i.e., either a binary ho-
mopolymer blend or a disordered diblock copolymer melt) in
which the integral in Eq. (76) is restricted to k<A, and in
which the integrand is evaluated for k<A by considering the
limit of large B,. This yields a one-loop correction to the
free-energy density

of=-InZgV (78)
given by

I{[Q,(q) — 20x0|Q(q)[1Bev}.  (79)

la[<A

oo
2

Here, (,(q) and |Q(q)| are the sum of elements and deter-
minant, respectively, of the ideal-gas correlation function
matrix ), ;(q), defined by analogy to Eq. (35) for the related
quantities ,(q) and |Q(q)|.

V. FREE ENERGY IN BINARY BLENDS

Several authors [5-8] have obtained a UV divergent con-
tribution to x,(k=0) in a binary homopolymer blend by cal-
culating the one-loop free energy Jf for a homogeneous mix-
ture, as a function of composition, and then using Eq. (38) to
extract y,(k=0). In this section, we review and extend this
approach.

A. High-q behavior of Q and G
To analyze the UV divergence of Jf, we will need an
asymptotic expansion of the high-g behavior of the intramo-
lecular two-point function Q, (q), as an expansion in increas-
ing powers of 1/¢. In a blnary blend of two Gaussian ho-

mopolymers, the function (), /(q) is a diagonal matrix with
elements

Q@) = §c:Di(a) (80)
with
Di(q) =Ng(0Q}), (81)
where Q7= ¢>Nb?/6 and where
glx) =2(e*=1+x)/x* (82)

is the Debye function. The required high-g expansion of
D;(q) may be obtained by simply dropping the exponentially
decaying term in the Debye function (which is not an ana-
lytic function of 1/g). This yields an approximation

Di(q) = D\"(q) + D"(q), (83)
2N; 1271

DO(q) =" =—, (84)
0 v ¢
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2N, =721 1
0! VN ¢"

DM (q) =~ (85)

where v is a monomer reference volume, and /;=v/ biz.
A corresponding expansion of the screened interaction to
the same order yields

G,(q) = Gq)+G"(q) + GY(q) (86)

where

- 1)2
G%q) = —¢%
127

2 2
G(l)(q) - L(% + %) i
2P N,
G(X)((I) = Z_ZUXO’ (87)

with TE ¢1l1 + ¢212 and

@w@l 5

_[ i3

biphily - Bl
In Egs. (86) and (87), the quantities G©(q) and G"(q) are
written with no monomer type indices i and j to indicate that

the values of these quantities are actually independent of i
and j.

B. Free-energy density
In a binary homopolymer blend, Eq. (79) for f reduces to

1 _ — ~ ~
Of = Ef In[(Q; + Qy — 20X, Q) Byv]. (89)
q

The dominant contribution to the argument of the logarithm
in Eq. (89) in the high-k limit arises from the leading order
contribution to ﬁ+Eﬁl+ﬁz, which is

121 1
—2? (90)

%) = E e,D\"(q) =

Note that ﬁio) (q)=1/G"9(q). Factoring ﬁiO)BO out of the ar-
gument of the logarithm yields an expression

of=of9 + % f In{1+GOLAQ, - 2vux|QT}  (91)
q

in which AQ,(q)=,(k)-0"(k), and in which
1 1 ! 2
50 = EL In(QYByw) = 2 lln<123‘)ﬁ) + 5]1\3

is the most strongly UV divergent contribution.
Upon expanding the integrand of the remaining integral in
Eq. (91) in powers of 1/¢, we find that the leading-order
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terms are of 1/¢%, and yield UV divergent contributions of
O(A) to the integral, but that all subsequent terms in the
expansion are UV convergent. The total UV divergent con-
tribution to Jf is given by a sum

of = of 0 + o 4 gt (93)
where
Y == xo J G0, (94)
q
1 ~
o= f GO0, (95)

q

where |ﬁ(0)(q)|=c1c2D(10)(q)D(20)(q) and ﬁi”:Eic,-DEl)(q).
Completing the integrals yields

5f(x) —— —6)(3 —11;2 b dA, (96)
3 (il (7521%)
n__ - (X2, 722
S = ; Uf( N + ) A. (97)

The quantity 8f?), which is the one-loop contribution to the
free energy density of a nearly incompressible blend of infi-
nite chains with x=0, arises solely from the strong repulsive
interactions that suppress overall concentration fluctuations.
This quantity generally depends on composition, because of

the composition dependence of 7, and thus can contribute to
X.(0). It is independent of composition only in the special

case [;=1,=1. The contribution 8/’ is a negative contribu-
tion that reflects a reduction in the average interaction energy
from its mean-field value by correlations. We show in Sec.
XII that 8f\") arises from changes in packing near the chain
ends.

C. Direct correlation function

Once the UV divergent contribution f is known, the cor-
responding contribution 6C;;(k=0) to the direct correlation
function may be obtained from the relation

P(5f)

6C;:(0) = .
U( ) 5Cl~&cj

(98)

Differentiation of Egs. (92), (96), and (97) yields a UV di-
vergent contribution

8C;(0) = 8CY + sCY¥ + oCY

iy

© vl
SCYN(0) = —LA%, (99)
12722

121) lll
_%ZinoA,

X(0) =

(100)
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ﬂ%(%ﬂé)

A_6_vzz<ﬁ+_a>A,
2™ B\N, N,

sCiV(0) =
i (©) 47 2 \N; N,
(101)

By applying Eq. (36), we obtain a corresponding UV diver-
gent contribution to x,(0),

(=L 5 6hb

Ox(0) = XoA
2472 R
3 111201—12)(11 lz)
e B 102
27 B N, N, (102)

of the form given in Eq. (41). Note that the coefficient A of
the A3 contribution and coefficients H; and H, of the terms
linear in A/N; all vanish in the case [,=1I, of two polymers
with equal statistical segment lengths.

An alternative method of deriving 6C;;(0), which is useful
for comparison to the subsequent calculation of 6C;(q) at
q#0, is to apply Eq. (32) to Eq. (76) before evaluating the
Fourier integral. A straightforward differentiation yields an
integral

5C(0) = - %&c ~ f In det{G™'(q)U(q)]

i%Fjvq

1 ~ ~
= zf Di(q)Gij(q)Gij(q)Dj(q)~ (103)
q
We show in what follows that this expression can be recov-
ered by taking the k— 0 limit of our expression for 6C;;(k).

VI. GAUSSIAN APPROXIMATION FOR S(k)

In this section, we derive an Gaussian approximation for
the inverse correlation function S;l-l(k) at k# 0. The deriva-
tion is based on a calculation of the second functional de-
rivatives of In Zg[h] with respect to an external field A;.

For this purpose, we now adopt a compact notation for
position and monomer type indices in which S(1,2) is used
as shorthand for a function §; ; (ry,r,). In this notation, an
integer label 7 is used as shorthand for a position r; and a
monomer type index i;. For example, identity (18) becomes

&nz

51,2)= Sh(1)6h(2)’

(104)
where 6/ 6h(2) denotes a functional derivative with respect
to h; (1)

The one-loop contribution to S(1,2) is given by a deriva-
tive

& In Zg

BT Smae],

(105)

in which Z; is the Gaussian contribution to the partition
function of a system in an applied field s#. The Gaussian
contribution to the free energy of a system that is subjected

to an inhomogeneous field I is a functional
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1 -
InZg=- ETr InG'U. (106)

Here, G™'(1,2) is an integral operator, which is generally not
translationally invariant in a fluid that is subjected to an in-
homogeneous external field /. The symbols In and Tr denote
the generalized logarithm and trace for such an operator. The
function

G'(1.2:[h) = QP(1L2:[h) + U (1,2)  (107)
is a functional of the field E, which is the saddle point of &
+iJ obtained in the presence of an external field 4. The
Gaussian integral Z; is thus also a functional of h.

A straightforward differentiation of Eq. (106) twice with
respect to the external field % yields

S nZh] sh(1') sh(2")
68(1,2) =
(1.2 ﬁfle Sh(1")6h(2) 6h(1) 6h(2)

SinZ [h] Sh(1’
+f nZglh] _onl’) (108)
Here, we have introduced the shorthand
J => f dr, (109)
I i

for integration over a position r; and summation over al-
lowed values of a corresponding monomer type index i;. To
evaluate Eq. (108), we must evaluate both the first and sec-

ond derivatives of Zg[h] with respect to the saddle-point

field /, and the first and second derivatives of i with respect
to the external field A.

To evaluate the required derivative of Zg[/], we apply the
identities [13]

5TrlnG_ f f 56" ](2 3)
G23)—— .,
Sh(1) (1)
A (1) n ~
w =QU(1, .. nn+ 1),
Sh(n+1)
86(1.2) f f G(L,190%0",2",3G(2',2)
Sh(3) '
(110)
to obtain
Sln ZG f f 0%(1,2,3)G(2,3) (111)
Sh(1)

and
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)
fl;%cz_lfjﬁ<4>(1,2,3,4)é(3,4)
Sh(1)8h(2) 4

+lffffﬁ<3)(1,3,4)é(3,5)
230405 )6

x03(2,5,6)G(6,4). (112)

To evaluate the derivatives of & with respect to the exter-
nal field i, we differentiate the saddle-point condition

E(l):h(l)—f U(1,2)Q"(2), (113)
2

with respect to h. Note that QV(2) is a functional of /(1),
with derivatives given by Eq. (110). A single functional de-
rivative yields

Sh(2) (
f5h(1)[5(2 4)+ fﬂz(Z 3)UG, 4)} 5(1,4).

(114)
Let

S(1,2) =07(1,2) + U(1,2) (115)

denote the inverse correlation function obtained in the mean-
field approximation, in which C(1,2)=-U(1,2). Using this

definition for S~! and Eq. (73) for G,
(114) in either of the equivalent forms

we may rewrite Eq.

5h(1)—f35(1,3)ﬂ (3,2) (116)
=f U'(1,3)G(3,2). (117)
3
A second functional derivative yields

5h( _&h(3) f J f J 5h(1 )5h(2)

6h(1)5h(2) 1)y Jyr SR(1) Sh(2)

oh(3)

N (3) ’

X QP(1,2",4" U4, 3)5h(3)

(118)

An explicit expression for 85(1,2) may then be obtained
by combining Egs. (108), (111), (112), (116) or (117), and
(118). We are more interested, however, in obtaining a one-
loop contribution to the inverse correlation function S~'(1,2)

that appears in the OZ relation. To the order required here,
this is related to 85(1,2) by

55-1(1,4):—ff§(1,2)5s(2,3)§(3,4). (119)
2J3

Combining Eq. (119) with our expression for 8S(1,2) yields
a one-loop contribution
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() (b) (c)

FIG. 1. The three one-loop diagrams of Q vertices and -G
bonds that contribute to the expression for SA(1,2) given in Eq.
(121). Diagrams (a) and (b) represent cluster integrals arising from
the first and second terms of the RHS of Eq. (112) for
Fnzl 5]7(1)65(2), respectively, in the first term of Eq. (121). Dia-
gram (c) represents the second term of Eq. (121), in which

51n Z/ 8h(4) is given by Eq. (111).

55-1(1,2)=—f f Q11,11 8A(17,2)Q7'(2",2)
1" J2’

(120)
in which
D
sn(1,2) =M% f f a9(1,2,3)6(3.4) 2026
Sh(1)oh(2) J3Ja oh(4)
(121)

The required functional derivatives of In Z; are given in Egs.
(111) and (112).

VII. DIAGRAMMATIC APPROACH

It is convenient to introduce a diagrammatic representa-
tion of cluster integrals such as those obtained in Egs. (111),
(112), and (121). We adopt the diagrammar used previously
in Ref. [13]. Some examples of the type of diagrams used
here are shown in Fig. 1. Each integral is represented as a
diagram containing vertices and bonds. An n-point vertex,
shown as a shaded circle with n smaller circles around its
circumference, represents a function of n coordinates and

type indices, such as Q™(1,...,n). Each of the small circles
around the perimeter of a vertex is either a field circle
(shown blackened), which represents an argument of the cor-
responding function that must be integrated over, or a root
circle (white), which represents a fixed parameter, rather than
a integration variable. Each bond represents a function of
two coordinates and type indices, such as the bare interaction

U(1,2) or the screened interaction G(1,2). Each bond must
be connected at each end to either a vertex field site, or a free
root site. (A free root site is the small white circle that is not
associated with a vertex, which is used simply to indicate the
arguments associated with the free end of a bond are known
parameters.) The value of a diagram is the value of the inte-
gral obtained by integrating over the coordinates associated
with all of the black circles, divided by a combinatorical
prefactor that is given by the order of the group of permuta-
tional symmetries of the diagram. The diagrams discussed

here are all diagrams of () vertices and —G bonds, in which
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a factor of Q™ is associated with each n-point vertex and a
factor of —G is associated with each bond. In diagrams with

-G bonds, vertices with no white circles (i.e., with no root
circles) must each have three or more black (field) circles,

representing factors of Q" with n=3.

Figure 1 shows a diagrammatic representation of Eq.
(121), for 8A(1,2), in which we have used Egs. (111) and
(112) for the required functional derivatives of In Z;. The
correspondence between diagrams and integral expressions is
discussed in the figure caption.

It was shown in Ref. [13] how In Z and various correla-
tion functions could be expressed to any order in perturba-
tion theory as sums of well-defined infinite sets of such clus-
ter diagrams. It was found that the two-point correlation
function S(1,2) can be expressed as an infinite sum

Sum of all connected diagrams

of Q) vertices and — G bonds

5(1,2) = (122)

with 2 roots circles labeled
1 and 2

The intramolecular correlation function (1,2) in an inter-
acting fluid is given by the subset of these diagrams in which
both of the root sites are one of the same vertex (the root
vertex),

Sum of connected diagrams

0(1.2) = of () vertices and — G bonds

(123)
with 2 roots circles labeled

1 and 2 on the same vertex

Among the diagrams described in Eq. (123) is one consisting
of a single two-point Q vertex, with no bonds, which repre-

sents the ideal-gas contribution Q(1,2). The corresponding
expansion of the intramolecular correlation function ,(1,2)
for molecule of a specific type in a mixture may be obtained

by replacing the Q) root vertex in each diagram of Eq. (123)
(i.e., the vertex with two white circles) by a corresponding

Q, vertex, representing a factor of the intramolecular corre-
lation function (), for the specified molecule type, while us-

ing Q) vertices for all other vertices in the diagram.

A. Diagrammatic resummations

The screened interaction —G used in the cluster expan-
sions described above can be expressed algebraically as an
infinite geometrical series

—G=-[1+U+Q"'«U=-U+U*Q*U- -+, (124)

where € denotes O@. This can also be expressed diagram-
matically as the sum of an infinite series of all possible chain

diagrams of alternating —U bonds and Q® vertices. By sub-

stituting this diagrammatic expansion of —G into the above
expansions of S and (), we may obtain a formally equivalent

expansions of these quantities in terms of diagrams of Q
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vertices and —U bonds. That is, the perturbation theory may

be expressed in terms of either the screened interaction G or
the underlying bare interaction U. The descriptions of the

infinite sums of diagrams of Q) vertices and —U bonds re-
quired to construct S and () are identical to those given in

Egs. (122) and (123) for diagrams of Q vertices and -G

bonds, except for a replacement of —G bonds by —U bonds,
and a change in the rule for the nature of the allowed Q

vertices: Two-point QO® vertices with two field circles and
no root circles are allowed in diagrams of —U bonds, but are

prohibited in diagrams of —G bonds.
A Dyson equation for S(1,2) may be obtained by defining
a function

Sum of bond irreducible diagrams

A(1,2) =9 of Q vertices and — G bonds with

2 roots circles labeled 1 and 2

(125)

A “bond irreducible” diagram is one that cannot be divided
into two disconnected pieces that each contain one of the two
root circles by cutting or removing only one bond. Equation
(125) can also be expressed as a sum of all bond-irreducible
diagrams of Q diagrams and —U bonds, if QO vertices with
two field sites and no root sites are allowed. This set of
diagrams includes the trivial diagram consisting only of a
QO® vertex with two root sites and no bonds, which repre-
sents the function Q@ (1,2). Thus, to a first approximation
(or “tree level”), A(1 ,2)26(1 ,2). The only one-loop dia-
grams that contribute to A(1,2) are the three diagrams
shown in Fig. 1. The expression for SA(1,2) given explicitly
in Eq. (121) is thus the one-loop contribution to the quantity
A(1,2) defined in Eq. (125).

The function S can be expressed in terms of A as a geo-

metric series
S=A-AxUxA+--=A-AxU=xS, (126)

or diagrammatically as a sum of chain diagrams of A verti-
ces connected by —U bonds. Resumming this series, or solv-
ing the recursion relation, yields

$71(1,2) = A71(1,2) + U(1,2). (127)

Approximating A(1,2) by O®(1,2) yields the mean-field
approximation for S. Note that Eq. (127) for S7!(1,2) is not
the same as the generalized OZ equation.

B. One-loop contributions

To calculate one-loop corrections to S, it is useful to
define

A(1,2)=Q(1,2) + 5A(1,2),

where SA(1,2) is a sum of all contributions to A(1,2) other

(128)

than the tree-level contribution Q(1,2). To first order in a
loop expansion SA(1,2) is given by the sum of the three
one-loop diagrams shown in Fig. 1. Substituting Eq. (128)
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into Eq. (127) yields a geometrical series in which the first
few terms are

ST=U+Q7"-Q's A= Q7+ - (129)

The one-loop contribution to S7(1,2) is thus given by

8 '=—Q'xSA = Q7! (130)

with SA approximated by the sum of the three one-loop dia-
grams for A.

The one-loop contribution to the OZ expression for S~
may also be expressed as a sum

8s'=8071-6C, (131)

where Q! and SC represent one-loop contributions to (!
and C, respectively. The one-loop correction to Q7! is given
by the convolution

SO = 80 = Q7! (132)

where &() represents the one-loop correction to (). Accord-
ing to the diagrammatic rule given in Eq. (123), the one-loop
contribution to {)(1,2) is given by the sum of Figs. 1(a) and
1(c). It follows that we may identify —SC with the remaining
contribution to Eq. (130) that arises from the contribution of
Fig. 1(b) to SA. That is, to first order in a loop expansion,

SC=0"x3x07", (133)

where 2 is the value of Fig. 1(b). This expression was ob-
tained previously [13] as the one-loop contribution to a gen-
eral diagrammatic expansion of the direct correlation func-
tion.

1. Intramolecular correlations

The quantity 8(2;;(k) may be expressed as a sum

mij(k) = 2 ma,l‘j(k), (134)
where &, ;,(k) is a one-loop correction to the intramolecu-
lar correlation function (), (k) for molecules of species a.
Using the diagrammatic rules discussed above, the one-loop
contribution &, ;;(k) may be expressed as a Fourier integral

80, (k) = pLIHK) = &, j(K)Gupply].  (135)
Here,
1= &,,@6,@
a =75 0,;\q)G;\q),
q
1( _ _
Ifzzz)(k) =-7 wffg'kl(k’_ k,q,-q)Gu(q), (136)
] 2 q .
where @, (k)= a;fjj(k,—k) and
(137)

Gup = 2 NuyGr(k = 0)N,,
K

where N, is the number of monomers of type k on a mol-
ecule of type a. Here and in what follows, we use the nota-
tion
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J= I

for Fourier integrals. To obtaln the above expression, we
have used the identity wal k(k —k,0)=N_&? (k). The first
term in square brackets in Eq (135) corresponds to Fig. 1(a),
while the second corresponds to Fig. 1(c). To obtain the
above expressions for &, ;/(k), the root vertices in these

(138)

diagrams must be taken to be ﬁa vertices. A corresponding
contribution for the sum &(;;(k) may be obtained either by
adding the results for &0, ;; for different species in a mix-
ture, or by taking the root vertices in these diagrams to be Q
vertices (with no species index).

2. Direct correlation function

Equation (133) for §C may be expressed more explicitly
in Fourier space as a product,

8C;j(k) = O ()2, () ;) (K), (139)
in which
1 -
2lj(k) = Ef QEZ}n(k7 q-.— q+)le(q+)
q
x 05 k.- q..9,)G,(q.) (140)

is the Fourier transform of Fig. 1(a), where q,= qig.

VIII. CANONICAL VS GRAND-CANONICAL ENSEMBLE

Because we have worked thus far in grand-canonical en-
semble, the one-loop contribution to S~! derived above is a
correction to the mean-field result for a system with a fixed
set of chemical potentials, rather than a fixed set of molecu-
lar concentrations. In grand-canonical ensemble, a one-loop
approximation for the free energy will generally yield a
slightly different concentration for each type of molecule
than that obtained at the same chemical potentials from the
saddle-point approximation. In this section, we first calculate
the difference between the molecular concentrations obtained
in the mean-field and one-loop approximation at equal
chemical potentials, and then use this to obtain a one-loop
approximation for S~! for a system with fixed molecular con-
centrations.

A. Concentration at fixed chemical potential

In grand-canonical ensemble, molecular concentration is
given by a derivative

1(9an
Voo,

Pa= (141)

The concentration obtained in a Gaussian or one-loop ap-
proximation thus differs from that obtained in mean-field
theory at equal chemical potential by an amount

1dInZg
Vo du,

Sp, = (142)

Here, the derivative is evaluated at fixed temperature and
fixed values of the chemical potentials of species other than
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(a) (b)

FIG. 2. The two one-loop diagrams of Q) vertices and —G bonds
that contribute to the molecular number density p,. Diagrams (a)
and (b) correspond to the first and second lines of Eq. (147), respec-
tively. Here, whitened vertices (larger circles) are used to represent
factors of the ideal-gas intramolecular correlation function ﬁa for a
specific molecular species a, while the gray vertex in diagram (b)

represents a factor of (), as defined in Eq. (22).

a. Because the saddle-point field h will shift in response to
changes in chemical potential, however, and InZ; is ex-
pressed as a functional of the saddle-point field, this deriva-
tive is a sum

Jdln ZG
Iy

Vép, = . (143)

f&ﬁ(l) S5InZg
+ —~
o J1 e Sh(1)

where &1n Z/ Sh(1) is given in Eq. (111), and where

ffﬂ (1,2)G(2,1).

A straightforward functional derivative yields the identity

dlnZ
—=¢ (144)

oh(1)
g

f G(1,2)00(2), (145)
2

where ﬁili)(r) is the contribution of molecules of type a to
the concentration of monomers of type i in the reference
ideal gas. This is given in a homogeneous fluid by a constant

Q1) = Ny, (146)

for all r, where N, is the number of monomers of type i on
a molecule of type a. By combining Eqs. (143) and (144), we

obtain
1 ~ -
2) ),

+lfjfjﬁg”(l)é(l,2)6(2,3,4)6(3,4).
2),)203 )4

(147)

Vﬁpa ==

This expression is shown diagrammatically in Fig. 2. Evalu-
ating the Fourier representation of these diagrams yields

= ﬁa[lg)) - _abpblb )] (148)

where Igo) and G, are defined in Eqs. (136) and (137).
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B. S(k) at fixed concentration

We would like to obtain an expression for the one-loop
correction to S(k) in an interacting liquid with a fixed con-
centration p, for each species of molecules. To do so, we
consider a one-loop approximation in which each chemical
potential is shifted by an amount du,, from the value used in
the mean-field calculation, where du, is chosen so as to pro-
duce a shift —dp, that exactly cancels the the one-loop con-
tributions to p, at fixed chemical potential. To first order in a
loop expansion, the only effect of this shift in chemical po-
tentials is to shift the intramolecular correlation function by
an amount

ma,ij(k) == 5Pa5a,ij(k)

where Jp, is the one-loop contribution to p, at fixed chemi-
cal potential. There is no corresponding correction to C;;(k),
because this is given to zeroth order by a quantity —U,;(k)
that is independent of w.

Upon combining Eq. (149) with Eq. (148) for &p,, we find
that the contribution of Fig. 1(c) to &), is precisely can-
celled by the contribution of Fig. 2(b) to 8p,. The contribu-
tions arising from Fig. 1(a) and Fig. 2(a) yield a correction
00, ;j(k)=p, 00, k), where

(149)

8w, (k) = 17)(K) = &, (k)1 (150)

This one-loop contribution to , ;;(k) at fixed molecular con-
centration may also be expressed as an integral

azl)j(k) =- Ef aukl(k k ,q,— Q)le(CI)

(151)

where
‘A/;(:z?jkz(k,— k,q,-q) = wa uk/(k k.,q.—q) - ~512u(k) &322,11(q).
(152)

This expression for 5w§j)(k) was obtained in Ref. [13] by
similar reasoning. It was obtained previously by Barrat and
Fredrickson by calculating a one-loop correction to w;;(k) in
canonical, rather than grand-canonical, ensemble.

IX. ASYMPTOTIC ANALYSIS OF SINGLE-CHAIN
CORRELATIONS

To show that the one-loop approximation for Qi_jl(k) is
renormalizable, we must show that the UV divergent parts of
the one-loop contributions to w;;(k) and C;;(k) each have a
specific wave-number dependence In both cases, the proof
relies critically upon an analysis of the dominant asymptotic
high-¢g behavior of a three- or four-point intramolecular cor-
relation function. To show that dominant UV divergent part
of Eq. (139) for 6C;;(k) is independent of k, as required by
our criteria for renormahzablhty, we must examine the
asymptotic high-g behavior of the three-point function Q
X (k,q_,—q,) that appears in Eq. (140). Similarly, to show
that the UV divergent part of Eq. (151) for dw, (k) has the
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nontrivial wave-number dependence implied by Eq. (48), we
must examine the asymptotic behavior of the four-point

function z,/f( zl(k -Kk,q,—q). In both cases, we need the
asymptotic behaV10r of a multipoint correlation function in
the limit of large integration wave-vector q, for arbitrary k.
The correlation functions required here are closely related to,
but distinct from, the three- and four-point vertex functions
introduced by Leibler [27], which are defined as the third and
fourth functional derivatives of the SCFT free-energy F[{c)].
For simplicity, we limit ourselves in this section to the iden-
tification of the dominant high-¢ behavior for homopoly-
mers. A more systematic asymptotic expansion for ho-
mopolymers and the generalization to diblock copolymers
are given in the Appendix.

A. Multipoint correlations

To begin, we consider some general features of the
n-point intramolecular correlation function &@"(k,, ... k,)
for a Gaussian homopolymer. This quantity is given by an
integral

N
@k, ... .k, = f d"s(e™R6)Y, (153)
0

where (---) indicates an average over conformations of a
single Gaussian chain. Here, we have introduced the notation

N N N N
j dnSEJ dsn”-f dszf ds,
0 0 0 0

for an integral over n contour variables. Because we consider
only homopolymers in this section, no monomer species in-
dices are needed, or used.

To calculate @"({k}), we divide the integral over 0
<581,82,...,5, <N into n! contributions arising from differ-
ent ways of ordering the values of sy, s,,..., s,, each corre-
sponding to a different way of ordering labeled monomers
along a chain. We first consider a restricted n-dimensional
integral in which the variables si,..., s, are restricted to the
ordered subpace s; <s,<---<s,, and then reconstruct the
original integral by summing over all n! permutations of the
index labels i=1,...,n. By this method, Eq. (153) may be
rewritten as a sum

(154)

3"k, ... .k,) = > oK', ... kD) (155)
(P}

in which the list kf yen ,k,f is a permutation P of the original
list of wave vectors ki, ...,k,, and E{P} denotes a sum over
all possible permutations of the n wave vectors. Here,

N
Dk, ... .k,) = J d"s(e=*i Ry (156)
0

is an ordered integral, in which we introduce the notation

N N 53 S
J d"gEf dsn---f dszf dsy,
0 0 0 0

to indicate an ordered integral over the space 0<s;<s,
Lgy<---<g,<N.

(157)
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To obtain an expression for the ordered integral @E"), we
first rewrite the sum of dot products that appears in the ex-
ponential in Eq. (156) as sum

n n—1
2} k;-R(s;) =e, R(s,) - El e-AR;,,; (158
J= Jj=
in which
and in which
6=k, (160)

where Kk, ..., K, denotes the ordered list of arguments of the
ordered integral c_ul(.”)(kl ,...,Kk,). Using the property

<eie-[R(s)—R(s')]> — e—ezb2|s—s'\/6 (161)

2 we then obtain an ex-

of a Gaussian chain, where e?=|e
plicit expression,

N
0"k, ... k,) = f d'se Il (162)

0
where

SijESi_sj (163)

is a difference in monomer contour variables, for any set of
wave-vectors Ky, ... .k, for which e,=2", k;=0, as required
by translational invariance.

By changing variables in the above integrals to contour
variables §;=s;/N, for which 0<§;<1, we find that

@K, ... Kk ;N,b)=N"d"(K,, ... K,),

(K, ... K Nb)=N"@"(K,, ... .K,), (164)

where the functions @” and & depend only upon the
—
rescaled wave-vectors KjEkj\f‘Nb/ 6, and

24

1
n—1
@,(.”)(Kl, ...,Kn)=f d"$e=i=1EjSj1 . (165)
0
Here, EJZ.E|K1+---+KJ- 2, and the integral in Eq. (165) is
taken over 0<§,<§,<...<§,<1. The function @ is an
n-point generalization of the Debye function, which is re-

lated to c_i)<”) by a sum over permutations analogous to Eq.
(155).

B. Three point function

Consider the asymptotic high-g behavior of the function
o¥(K,Q_,-Q,), which is needed in Eq. (140) to calculate
0C;;(K). Adding the 3!=6 permutations of the monomers or
wave-vector labels yields

V(K Q.- Q,) =26"(K,Q_,-Q,) +26”(K,- Q,,Q.)
+20%(Q_K,-Q,), (166)

where Q.=Q=K/2. Equal contributions to this sum are
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made by permutations that are related by a reversal of the
order of the wave-vector arguments, so that, e.g., &©
X(K’Q—5_Q+):‘E)(3)(_Q+’Q—’K)'

We are interested here in the asymptotic behavior of &©
X(K,Q_,-Q,) in the limit 0*>1 and Q*> K?, for other-
wise arbitrary K. First, consider the first two ordered inte-
grals in Eq. (166), in which K is the first of the three argu-
ments. These may be related by taking Q ——Q, so we need
consider only ®*(K,Q_,-Q,). This is given by an integral

1
»(K,Q,-Q,) = f B @k (167)
0

In the limit Q>>1 of interest, this integral is dominated by
contributions in which the separation §y, is of order 1/Q?,
yielding §3,<<1. The dominant asymptotic behavior in this
limit may thus be obtained by replacing the integral with
respect to §; over the domain §, <§3<<1 by an integral over
the seminfinite domain §, <§; <o, while still requiring that
0<§;<$§,<1. To leading order in an expansion in powers of
1/Q, this approximation yields

FUKQ- Q)= 3 elK) +0@ ), (168)

where

1 5
g(K*) = ZJ dszf dsle_Kzsz' (169)
0 0

is the Debye function. Because the result is invariant
under Q ——Q, this approximation yields ®*(K,-Q,,Q_)
=~ o3 (K,Q_,-Q,). Next, we consider the remaining or-
dered integral,

1
V(Q-K.-Q,) = f die el (170)
0

By reasoning similar to that discussed above, we may ap-
proximate this integral in the limit Qi> 1 by an integral over
a domain —o0 < §; <§,, §,<§3<o0 and 0<§,<1. This yields
a leading order approximation

&V (K,Q_-Q,) = é +0(07), (171)

which does not contribute to the leading order 0(07?) term
in @2, The leading order contribution to & thus arises
from the four permutations in which K is either the first or
last argument of »3 and is equal to four times the RHS of
Eq. (168). )
A more systematic asymptotic expansion, which is out-
lined in the Appendix, yields
@K, Q_,-Q,) =V + &GV 4 ... (172)

with

R 2
& = 28K, (173)
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1
o = —[K*(3+4a?)g(K?) - 4],

20
where = Q-K/QK. Further terms in the expansion are not
needed to analyze the UV divergence of 6C;;(k). The obser-
vation that the leading-order contribution ®*-*) has the same
K dependence as the two-point function (2)(2)=g(K2) plays an

essential role in our analysis of 6C;;(k).

(174)

C. Four-point function

The function ¥ = /*(-k,k,—q,q) may be expressed as
an integral

N
Yo = f d"s({™ AR08 8Rz) _ (oK ARy ) (iaAR Y
0

(175)

in which the integral ranges over 0<<s;<N for all i
=1,...,4. Like the integral for @™, this integral may be
divided into contributions arising from each of the 4!=24
different possible permutations of the contour variables
Sis-..,84. We thus define functions ¢ analogous to the or-
dered integrals ¥, in which arguments +k and +q are listed
in the same order as order of the values of the associated
contour variables. For example,

N

Y-k~ q,q.k) = f d"s((e™ ARl ARs2)
0

_ <eik-AR41><eiq~AR32>) ,

where the integration is over a subspace 0<<s;<s,<<s3
<s4<N. We also define functions

JI(K,-K,Q,- Q) =N*y(k,-k,q,-q),

YKL K K3 Ky) = N4y (k ko ks, ky),  (176)

analogous to @ and ®, which depend only upon the dimen-
sionless wave-vectors K=Kk\Nb?/6 and Q= q\Nb?/6.

The function QA‘” is unchanged by permutations of its ar-
guments that “reverse the order (ie., Ki,....K,

—Ky,...,K;) or that reverse all of their signs (i.e.,
K,,....,K;,—-K,,...,-K,). Using these symmetries, we
find that

P9 = 4§(K, Q.- K,- Q) +4(K,- Q.- K.Q)
+2§(K,Q.- Q.- K) + 2/(K,- Q.Q.,- K)

+2(Q.K,- K,- Q) + 2(- Q.K,- K, Q).
(177)

The values of ;Aﬁ(‘” arising from the eight permutations in
which =K are the first two or the last two arguments, such as
J(K,-K,Q,-Q), vanish because of a cancellation of the
first and second terms in the integrand of Eq. (175).

In the limit 0*>1 and Q%> K? of interest, the dominant

contributions to %4) arise from the four permutations in
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which K are the first and last arguments of fﬂ (The analysis
required to show this is given in the Appendix.) The sum of
these permutations yields a dominant contribution of O(Q~*)
in an expansion in powers of 1/Q. For example, the function

9:0(4)(k,q,—q,—k) is given by an integral
1
JY(K,Q-Q,~K)= f d*§(e~K 53083k,
B 0

RRI) (178)

—e

Throughout this section, Q2= |Q=K|>. In the limit 0> 1 of
interest, the dominant behavior of this integral is

—2Ka 4(Ka)?

1 Sy )
X f d§4j d§1§41€_K S41,
0 0

(179)

‘_2(4)(K7Q’_ Qv_ K) = |:

where a=K-Q/QK. The integral in the second line may be
expressed as a derivative of Eq. (169) for the Debye function
since

d K2 1 52 )
s _ f s, f 4318y, K. (180)
0 0

d(K?)

Upon adding the four permutations in which +K are the first

and last arguments of 1%4), the terms linear in « cancel. This
yields a leading-order contribution

8K%a? dg(K?)

K _ _ __
PR -KQ-Q === (181)

The dominant contribution to the function ¥ =N*¢* may
be expressed in terms of a partial derivative

28802 9@ P (k)

Y

YOk ~k.q.~q) =~

of @2 with respect to b2 Here, we have introduced the
notation ¢/*? to denote the leading order term in an expan-
sion of ¥ in powers of 1/4. This asymptotic expression is
used in Sec. X to relate the one-loop correction to @ to a
renormalization of the statistical segment length.

X. CORRELATIONS IN BINARY BLENDS

We can now analyze the UV divergent contributions to
S[_jl(k) in a binary homopolymer blend. We consider the in-
tramolecular and direct correlation functions separately.

A. Intramolecular correlations

The one-loop contribution to wfzj(k) in either a blend or a
copolymer melt is given by Eq. (151). In the case of a binary
homopolymer blend this simplifies to
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5w§2)(k) == %f 1//1(4)(ka_ k’qs_ Q)éu((I), (183)
q

where the integral is constrained to |q| <A, and where we
have introduced the notation wgz) = wgf) and lﬂl(.4) = wl(if appro-
priate for a homopolymer mixture.

To determine the order of the dominant ultraviolet diver-
gence of 5wl(,2)(k), we note that Eq. (87) yields C~}(q) «g* and
that Eq. (182) yields ¢/ ocg~* for large g. We thus expect

f Lqf'Gy~ A. (184)
g<A
All subdominant terms in an expansion of the integrand in
powers of 1/¢? yield contributions to the integrand that are
smaller by factors of O(1/4?), which lead to UV convergent
contributions to the integral.

The ultraviolet divergent part of the one-loop approxima-
tion for éwl(.z) is thus given by a cutoff integral,

1 ~
&ﬁkm=-ajlﬁ“%h—quqxﬂWm, (185)
q

in which ¢/*? denotes the leading-order approximation for

¥ given in Eq. (182) and G'°(q) denotes the leading-order
asymptotic approximations to G;(q) given in Eq. (87)
(which is the same for all i and j). A straightforward integra-
tion yields

987 (K)
S0P (k) = ———5(b> 186
w;” (k) 3 (b;) (186)
where
212
8(b7) = b;—A (187)
1

is a shift in the value of b7.
The UV convergent correction to w(k) is given by the
difference

‘ 1 ~ ~
5= | G, 406" sy
q
between the one-loop integral expression and the UV diver-
gent part. Here, /* and /*? represent the exact and leading
asymptotic expression for ¥ (k,-k,q,—q), respectively,

while éi,- and G represent the exact and leading asymptotic

expressions for G;;(q). This is a convergent integral, which
we evaluate by taking A —oo. It is straightforward to show
that both terms in this integrand may be expressed as vN°
(where N is N or N,) times a function of a dimensionless
wave-number gR (where R=\Nb and b is b, or b,) and of
the dimensionless parameters xoN, N,/N,, and b;/b,. By
nondimensionalizing the measure in the wave-vector integral
by length scale R, we may express So" as a convergent
dimensionless integral times a prefactor of vN®/R?

=N2/N'2. The corresponding nondimensional form of 5.
is given in Eq. (51).
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B. Direct correlation function

The one-loop contribution to the direct correlation func-
tion is given by Egs. (139) and (140). In case of a binary
homopolymer blend, for which all of the monomer type in-
dices of the functions ﬁf}z) or ﬁf;k) must be the same, Egs.
(139) and (140) may be combined and simplified to obtain

1 ~ -
oC;i(k) = Ef (k,q)G;;(q,)D;(- k,— q)G;;(q_),
q

(189)

where

ﬁf?’)(k, q—’ - q+)

(k)

Here, ﬁizﬁgiz) and ﬁES)Eﬁgi) are the intramolecular two-
and three-point functions for homopolymers of type i, re-
spectively.

Consider the k— 0 limit of Eq. (189). By using the long-
wavelength limits

Di(k,q) = (190)

QP(0) = Nie;,
0P(0,q,- q) = Ni(q), (191)
we find that
a.
lim D(k,q) = ﬂ. (192)
k—0

By substituting this into Eq. (189), we may immediately con-
firm that k— 0 limit of Eq. (189) for 6C;;(k) is equivalent to
Eq. (103) for 6C;;(k=0), which was obtained by considering
the composition dependence of the free-energy density.

To find the divergent part of Eq. (189) for C;;(k), we will
need high-g asymptotic expansions for the screened interac-
tion éij(q +), and the function D,(k,q_,—q,). To the required
order in an expansion in powers of 1/g¢,

Gi(q.) =G +G¥ + GV + G,

2
G¥=xk-q.
121
G<>_<ﬂ¢’_l>’<_
2PAN N 481

2v

GY = >

iiX0- (193)

To obtain a corresponding asymptotic expansion of D; in the
high-¢q limit, for fixed k, we note that
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N:6P(K,Q_-Q,)

Dk, 194
(k.q) = ) (194)
and use expansion (172) of &®). This yields
Di(k,q) = D§0) +Dl(.‘) P
121;
D(O) =,
vq
3 ;|1
Dgl) — leZ(3 +4a2) ﬁ o (195)
v Nig(K?) g

where K?=k>N;b?/6=kNw/(61,). The key simplifying fea-
ture of this expansion is the fact that the leading-order con-
tribution Dl(.o) to D;(k,q) is independent of k.

By substituting these expressions into Eq. (189), and
keeping only the terms of O(1) and O(1/4?) in the integrand
that lead to UV divergent integrals, we obtain a UV diver-
gent contribution to 6C;;(k) as a sum:

8C; (k) = 8C + 5CY + 8C))

iy

(196)

where

1 oy~
o) 5 f DODOGOG),
q

SC0 = f DODOGNGO,
q

sCV ~

=7 f DODOIGIEH + 26160
q
1 .
+ J [D{"D + DPDMGOGO.  (197)
q

Evaluating the integrals with respect to q yields

llv

5C( )= D7 A3
" 12eP
120 1,

(0 12Uk
5Cij)'( TP ?;ZUXOA’
2 2 2 2

5 LSS ( b, %>A
S 2P P N,
314, l; l;
- ,v< —+—1— )A. (198)

272 \Nig(K;) Njg(Kj)

The divergent part of the corresponding apparent y param-
eter is a sum of the three terms

PHYSICAL REVIEW E 76, 061802 (2007)

Us 12)20 £

5X(0) - ,
82 3

500 61715 A
X =__X0
B

7k2(11 - 12)21)

2 2 2
SV = . 3 —1h) (¢1l1 N ¢212>A
24722 2728 \ N1 N,
3(, -1 2 2
L3 2)( s __ 12)A_ (199)
2772 Nzg(Kz) ng(Kl)

Note that both y© and y{!
statistical segment lengths.
The UV convergent contribution 5C ;(K) is given by the
difference between the exact integral expresswn of Eq. (189)
and the sum of the UV divergent integrals given in Egs.
(196) and (197). The resulting UV convergent integral can be
nondimensionalized by arguments similar to those used to
nondimensionalize 50 (k) which in this case yield a nondi-

) vanish in the case /,=I, of equal

mensional integral times a prefactor of >i;/ (NN'). The cor-
responding nondimensional form of 8y, (k) is given in Eq.
(55).

XI. CORRELATIONS IN DIBLOCK COPOLYMER MELTS

We now consider the calculation of 5S,-j(q) for a diblock
copolymer melt. The calculation is closely analogous to that
given above for a blend.

A. Two-point functions

The two-point intramolecular function Q ;(q) for a Gauss-
ian diblock copolymer of length N with blocks of length f{N
and f,N is a matrix

~ N
Qij(q) = _gij(q) (200)
v
where
_| &1 e
8ij= >
1€ &
- 2
g =207~ 1+1,00/0].
e;=(1-e79)0?, (201)
with Ql-2 = qubl-z/ 6. The high-g asymptotic behavior of these

function may be obtained by dropping all terms that contain
factors of e/i2
The high-¢g behavior of the propagator 6ij(q) may be ap-
proximated to the required accuracy by an expansion
Gj(q) = v_2_|‘1|2 + w + Z_UXOZij~
121 21N P

Here, [ and Z;; have the same values as in a homopolymer
blend of the same composition, with ¢;=f;. That is,

061802-23



GRZYWACZ, QIN, AND MORSE
L=l + fols,

272
- f5l L1
L [ £l fu&;;l 02)
Nl = fily
The only difference between this expansion and the corre-
sponding expansion of 6ij(q) in a homopolymer blend of
equal composition is the nature of the term 61(,;)(k) that is
proportional to 1/N and independent of x, which is the first
term in the second line of Eq. (202).

B. Free-energy density

The one-loop contribution Jf to the free-energy density of
a homogeneous diblock copolymer melt can be calculated by
a procedure closely analogous to that given in Sec. V B for a
binary homopolymer blend. The UV divergent contribution
is of the form

Sf = &f 0 + 5% + sV, (203)

The expressions for 8f? and §fX are identical to those
given in Egs. (92) and (96), respectively, for a blend of the
same composition. As for a homopolymer blend, the sum of
these two terms yields the quantity &f;o.y=0f"+ 8. The
remaining O(1/N) contribution is given in a diblock melt by

2 2
5ﬂ1>=1f GO = - 3 _ll_lllz+lz
2J4 27l N

Here, ﬁi”:EUﬁl(.;’l), where ﬁf]ﬂ) is the O(N/Q*) contribu-
tion to ﬁf.f)(q).

A. (204)

C. Intramolecular correlations

In the diblock case, we calculate 5wf.i2)(k) using Eq. (151).
To analyze the divergence of this expression we need to
identify the high-q behavior of its components. As in the
blend case, this integral has a divergent part proportional to
A, which may be obtained by using the dominant contribu-

tions to wf;‘,gl(k,—k,q,—q) and 6,(5)(k). As in a blend, the
dominant contribution to ég)(k) is independent of the values
of the indices, and is given by Eq. (87).

The high-g behavior of z/ff;‘lzl is analyzed in the Appendix.
As for the case of the blend, we find a simple expression for
the dominant asymptotic behavior ¥ which largely deter-
mines the form of the result: The dominant contribution to
the function wg;‘,zl(k,—k,q,—q) arises only for elements with
k=1, and is given by

28802 9> (k)

(205)
q'b; by

wﬁ;‘k)k(k7_ k’ q,— Q) =-
For i=j, the derivative with respect to bi is nonzero only for
i=j=k, while for i+ j, the derivative is nonzero for both k
=1 and k=2. The dominant contributions to elements of
¢fjlzl(k,—k,q,—q) with k#1 are all found to be O(1/4°) or
smaller, and thus do not contribute to the divergent part of
Eq. (151) for 65, (k).
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Using this asymptotic result for ¢*, the UV divergent
contribution to Eq. (151) can be written as a sum

O =S I s
Swyy (k) % prp2 (b})

where 8(b7) is again given by Eq. (187). For the diblock
melt, as for the blend, we thus find that the divergent contri-

butions to 5(»1(.?) (K) can be absorbed into a renormalization of
statistical segment lengths.

(206)

D. Direct correlation function

The one-loop contribution to the direct correlation func-
tion in a diblock copolymer melt can be written as

1 ~ ~
8C,(k) = 2 f Dy, @)Gu(@:)Dj5 (6, 0)G,(a.),

q
(207)

where, in this context, we define
Dy(k.q) = 0;'0%)(k.q_.- q,). (208)

with D, (k,q)=D;;(-k,—q). As for the binary blend, we

expand the three-point function ﬁﬁ;:ﬁﬁl)(k,q_,—q ,) in the

high-g limit as a sum

QG =037 +aG" (209)
and D;,(k,q) as a corresponding sum
Dy = D)+ D) (210)

where ﬁ(.i;()) and Df,?l) are O(1/4%) and ﬁ%l) and Df,il) are
o(1/¢%. '

A detailed analysis of the high-g behavior of (%), which
is outlined in the Appendix, shows that the leading-order

contribution ﬁ}%o), which is of O(1/¢?), is nonzero only for

k=1, and has four elements ﬁj(,i;co) that are all of the form
~ ~ 121,
050k q—q,) = Q_E?(k)v—qz. (211)

It follows from Eq. (208) and this expression that the corre-
sponding leading-order contribution to Dy is

DY)(k,q) = 5,5,D"(q) (212)
where
121,
pO(q) = —3 (213)
vg

is independent of k, and is the same function as that found in
the binary blend.
The only nonzero elements of the subdominant contribu-

tion ﬁﬁ;”:ﬁﬁ;”(k,q_,—qg are
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182 1
Q= —3L[K,2-(3 +4a%)g; - 4l
<5 1865 ) 1
ijk = —Lv3 ej[Kk(3+4a )ek—4]q—,
- 36l1e; 1
3,1y _ 0Lkke; 1
ijk - v3 q4’

where k # j. In order to calculate the one-loop contribution to
oC;;(k), we will need a quantity

DM (k.q) = 3 Dk, q). (214)
Kl
This is given by
3 72 1
DV =| K3 +40%) - —5g;'L; 215
i v ( [¢4 ) N ng q ( )
where we have defined a vector L; with components
Ly =fili+el5—e ],
LZEle%'i'ezl%—ezlllz. (216)

The expression for D Jina homopolymer blend given in Eq.
(85) may be recovered by the replacements L;,— [ and

g;;'IN— 8;/(g:N,).

When expressed in terms of G;; and the quantity D; de-
fined above, the integral expression for the divergent part of
8C;;(k) in a diblock copolymer melt is identical to that given
in Eq. (197) for a homopolymer blend. The only differences
between the expressions obtained for 6C;; in a diblock co-
polymer melt and that in a homopolymer blend of the same
composition arise from the use of different expressions for
the the k-independent part of G( [given for a d1block by the
first term of the second line of Eq (202)], and for D [glven
by Eq. (215)]. Moreover, the integral expressions for 5C
X (k) and 5C(X)(k) are identical to those obtained for a ho—
mopolymer blend of the same composition. Only the contri-
bution 5Cl(,;)(k) differs from that obtained for a correspond-
ing blend. This is given by

2 2
s TR

3ull(1 - 1, + 1’;‘)A
Y 22P

NP

3y
- (g Lil; + LiLigi A
INTP !

The first line, the term proportional to k2, is identical to the
corresponding expression for a blend of the same composi-
tion. The second line, which arises from the integral involv-

(217)

ing the k-independent part of G, is different because of the

use of different expression for G"). The third line is different
because of the use of a different expression for DEI).

The corresponding expression for the UV divergent con-
tribution to Sy(K) is similar to that obtained for a blend of
the same composition. The expressions for 8y'” and Sy
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terms are identical to those obtained in a homopolymer
blend. The expression for Sx'V(k) is different, but retains the
property that 8y'"”'=0 in the limit /,=1, of equal statistical
segment lengths.

XII. END EFFECTS

We show in this section that the form of our results for the
UV divergent part of 6C;(k) are consistent with the exis-
tence of a UV divergent one-loop contribution to the free
energy of the form proposed in Eq. (56). Here, it is conve-
nient to start from the more general expression

1
5Fmt Jdrléflonal+2da¢a+ D VC VC

(218)

in which the gradient-squared term is expressed in terms of
monomer concentrations, as would be required to describe a
slightly compressible liquid. The postulated free energy is
the sum of a Ginzburg-Landau-like functional of the mono-
mer concentrations plus additional free energies arising from
chain ends and (for a diblock) from the junction that con-
nects the two blocks.

The excess free energies arising from chain ends and
junctions are assumed to depend linearly on the concentra-
tions of these defects because the defect concentrations are
dilute. Direct defect-defect interactions, which would yield
contributions to S~'(k) of O(1/N?), could become important
in systems of relatively short chains with strongly interacting
end groups, but do not appear in our model within the one-
loop approximation.

A. Monomer and defect chemical potentials

We compare our one-loop results to a form of SCFT in
which the average monomer concentrations are calculated
from those of ideal-gas reference system with a self-
consistent field Hamiltonian

ﬁ:Uchain_Eﬁi*Ci"'Eda*ll/a’ (219)
in which a chain end of type a=1 or @=2, or a junction
(a=J) at position r is penalized by a free energy i,(r). In
the absence of any external field, monomers of type i are
subjected to a field

7~ 5( OF int)

—hizUij*C +

: (220)

5Ci

in which 8F;, is given by Eq. (218), and &/ 8c; represents a
functional derivative.

To construct an RPA calculation of S(k), we consider the
deviations from a homogeneous reference state induced by a
small external field /; that couples only to the monomer den-
sity. This external perturbation will induce deviations dc; and
&d,, in monomer and defect concentrations, respectively, and

deviations 5%2 and &y, in the conjugate fields. These devia-
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tions in chemical potential fields are given, to linear order in
the deviations in the concentrations, by

—5EI=U£]* 5C]+Vla* Ma_hi’

Oo= Vg * 8¢, (221)
where
7 0
Ui" =- 5—1 = Uij+ .5 (5Fim)’
/ 5Ci 56156‘]

S

Vig= Lo, (222)
oc:

1

Here, Ul.'j is an effective monomer-monomer interaction and
Vie 1s an effective monomer-defect interaction. Here, and
throughout this section, we use “*” to represent spatial con-
volution only, and display the monomer- and defect-type in-
dices explicitly.

In Fourier space, the effective interaction Ui’j(k) is given
by

P(froce
UL = Uyl + T 20w Ly pie (203)
? X ¢9Ciﬁcj
where
&
W,=2>d Va (224)

a a&C i(?Cj '
Here d,, is the defect density in the homogeneous reference
state: For hopolymers, the ends densities are d,
=2¢,/(vN,); for diblock copolymers, both ends and junc-
tion densities are d,=1/(vN). All derivatives are evaluated
in this homogeneous reference state. Note that our definition
of Uj; as a second functional derivative of the interaction free
energy yields a contribution Dijk2 that arises from the (pos-
tulated) gradient-squared contribution to 6Fy.

B. Generalized RPA

To complete the RPA linear response calculation, we must
combine the above with a description of the linear response
of an ideal gas of polymers. The linear response of the mono-
mer and defect concentrations to deviations in the above
combination of fields is given by

&l':Qij * 5hj_Rlﬁ* 61,05,

8d, =R, % Oh;— E 5% 8. (225)

Here, ﬁ,»j is the ideal-gas intramolecular correlation between
monomers of types i and j, ﬁja is the intramolecular corre-

lation between « defects and j monomers, and Eaﬁ is the
intramolecular correlation between defects of type «a and .
All of these functions are diagonal in a homopolymer blend
(i.e., are nonzero only for i=j, i=a, or a= ), and all become
nondiagonal in a diblock copolymer melt.

By combining linear-response equations (225) with self-
consistency conditions (221), it is straightforward to show
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that, in a Fourier representation, dc;(k) is given by

&i:Aij[_ Bjk&‘k+ hl] (226)

where all quantities are implicitly functions of a wave-
number k and

A= Pﬁclﬁkz[PT]/_jl,

P;= 5ij+EiaVT

aj’

By =U}—VEupViy. (227)

Solving for the inverse response and/or correlation function
S5 (k)= (k) / 8c;(k) yields

-1 -1 -1 -1

in which

S5 ._.] - a(ﬁflncal) i

d
,j Dk* - 8

(229)

aCiC?Cj

is the correction to mean-field theory, and where 5Cf.‘0 is a
contribution arising from the interaction of the end and junc-
tion “defects” with the monomer concentration. This quantity
is given by a sum

- oCy) = - 5cyV - sCP,

= 8C = W+ Vi RO + Q3R VL

= 6CiP = Vil Ry Rig=EglViy.  (230)
Note that the quantity 5C§;“) dePends linearly upon the ef-
2)

. . X g d2) . .
fective interaction V,,, while 5Cij is second order in V,.

C. Comparison to one-loop results

To test our phenomenological model, we compare our ex-
plicit one-loop calculations for the 5Cl(.].l)(k) to the results of
the above generalized RPA calculation, while using the ex-
plicit expressions for #, given in Egs. (59) and (61), and
treating D;; as a free parameter. We find that, in both blends
and diblock copolymer melts, the quantity 5C§D obtained in
the one-loop approximation for 8C;;(k) can be written as a
sum of the form

- 5C{ () = Dy’ - 6C" 1) @31)

where 5Cl(.j‘.”) is the first-order defect contribution given in
Eq. (230), and
2
Ll
Dy=- LU
37

The same value is obtained for D;; in blends and diblock
copolymer melts of the same composition. The scalar
coefficient given in Eq. (62) is obtained by requiring that
Vc,=-Vc¢, in an incompressible liquid.

In both blends and diblock copolymer melts, the result
from the one-loop approximation is thus identical to that

(232)
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obtained from the generalized RPA, except for the absence in
our one-loop results of the contribution 5C(d ) predicted by

RPA result. Note that the contribution 5Cij that is “miss-
ing” from the results of the one-loop approximation has a
qualitatively different dependence on both V;, and A than
terms that are found in the one-loop calculation: The quantity
oC;; (24) i5 second order in the strength of the coupling V;,, and
so would yield a contribution 5C(2d)0</\2 in a theory in
which V;, o A, while the terms that do appear in our one-loop
results are linear in V;,, and proportional to A. The one-loop
calculation of &C;; yields only terms proportional to A and
A3, so it appears that the missing contribution predicted by
the RPA could not possibly be generated by a one-loop ap-
proximation. We assume that the discrepancy occurs because
terms that are quadratic in the magnitude of the one-loop
contributions to V;, appear only at second order in a loop
expansion of S~!(k). The A dependence of the missing con-
tribution appears to be consistent with this conjecture: The
power counting analysis of the loop expansion given in Sec.
XIII and in Ref. [13] indicates that the dominant UV diver-
gence of the two-loop contribution to SC will be O(A*), to
which we expect to find subdominant corrections of O(A?)
and O(In A). While this conjecture could be proved only by
analyzing the two-loop theory, it seems clear that the missing
terms cannot be produced by a one-loop approximation, and
so may be neglected when making this comparison.

Below, we present some details of the application of the
generalized RPA to binary blends and diblock copolymer
melts, respectively.

1. Binary blends

For a binary blend of homopolymers,

3Ull'
A2

Vig= LA,

2 2
== G B
PP LN N,

A _ -1
Qij—‘sijv biNig;s

Rin= 8,20 e, (233)

where g;=g(K?) is the Debye function, and where e;= (1

—e‘Kzz)/ Kl2 for a homopolymer. This yields

30ll| Le, e
-5c§;’1>zwij+”—gzi{N’—e’+]—\,ﬁ]A. (234)
2P LNgi Njg;

By using the identity e¢;=1— g,-Kl.z/ 2 and the definition of Kl2
=k?v/(61;), we obtain the alternative expression
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3vll;| L l; 211
— SCU = Wy [—’+—L}A LU
2w RLNig: Njg; 4P

(235)

By substituting this expression for 6C( Y into Eq. (231), and
us1ng Eq. (232) for D;;, we reproduce the one- loop result for
5Cij given in Eq. (198)

2. Diblock copolymer melts

For a diblock copolymer melt, we obtain

3Uli
Viy= _2(11 - lz)zA,
4771

3l (=11, + 12
WijI— v /(] 142 Z)A, (236)

NP

and

0= 6v7'Ngy;,

(a=1),

p -1
Ria_v €,

2
R, =v'eeTke, (a#iJ),

23 1

Riy=v""e;, (237)

where g;;, g;, e; are defined for a diblock copolymer by Eq.
(201). This yields

3vll

- sci =w, +%lL[g,kel +legy I (238)

By using the identity e;=f;— gl-Kl-z/ 2, we obtain the alternative
expression

3vll o
— 8¢l = w, +LL[g,kLkz +LLgi A - LA
27 NP 471

(239)

where L, is given by Eq. (216). By using this expression for
5C(;1) and Eq. (232) for D;; in Eq. (231), we reproduce Eq.
(217)

XIII. BEYOND ONE LOOP

In this section, we briefly look beyond the one-loop
theory. We consider the structure of UV divergences of an
arbitrary diagram in the unrenormalized diagrammatic per-
turbation theory, at the level of naive power counting. We
also consider the structure of a renormalized loop expansion,
and argue that this should yield an asymptotic expansion of

corrections to SCFT in powers of 1/\N.

For this purpose, we use the diagrammatic formalism pre-
sented in Ref. [13]. There, it was shown that corrections to
the Gaussian or one-loop approximation for the grand-
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potential In Z for a polymer liquid could be expressed as an

infinite sum of connected diagrams of —G bonds and Q ver-
tices, with no root sites. Here, we consider the dominant UV
divergence of an arbitrary diagram in the expansion of the
free-energy density In Z/V for a model with a wave-number
cutoff A. For generality, we consider a model of continuous
Gaussian polymers in a space of arbitrary spatial dimension
d. We consider a generic connected diagram with B bonds,

each representing a factor of -G, connecting V vertices, each

representing a factor of Q. where n is the number of at-
tached bonds. The number L of loops, or independent
wavevector integrals, in such a diagram is L=B-V+1. For
simplicity, we consider only the dominant UV divergent to
the free-energy density of a one-component liquid (or of a
blend with y=0 and b,=b,), without attempting to analyze
the dependence of the free-energy density on Y, or on the
composition of a blend.

To analyze the UV divergence of an arbitrary diagram, we

must characterize the asymptotic high-g behavior of 5(q),
and of Q"(q,, ...

pendence of the screened interaction G(g), given in Eq. (87),
is

,q,) for arbitrary n. The dominant ¢ de-

Glq) ~ (gb)/c, (240)

where ¢=1/v is the monomer concentration. The function

Q" can be expressed, for a Gaussian homopolymer in
any spatial dimension d, as a product of the form

O"(q,,...,q,)=cN""'&"(Q, ...,Q,), where ¢/N is_the
number concentration of polymers, Q,= q;R, and R=b\N/6.
To characterize the high-¢ limit, it is useful to consider
the limit of infinitely long chains, N—o, at constant
monomer concentration c¢. In this limit, all nonzero wave
vectors become “large” compared to 1/R. The function

Q" (q,,...
— 0. For Q™ to approach a value that is independent of N in
this limit, ®"(Q,, ...,Q,R) must approach a homogeneous
scaling function

lim 6" (\Qy. ... Q,) =A"a"(Q,. ....Q,)

N—oo

,q,) generally approaches a nonzero limit as N

(241)

when |Q|>1 for all n arguments. At a power counting level,
this implies that the function ®™ is of order Q2"*~!) when all

of its arguments are of order Q. Corresponding, Q™ must be
of order

Sn) C(qb)2
(qb)Zn

when all of its arguments are of order ¢g>1/R.

To count powers of ¢ in the Fourier integral associated
with an arbitrary diagram in the expansion of In Z/V, it use-
ful to associated one of the n factors of (¢b)? in the denomi-

nator of Eq. (242) for Q" with one end of one of the n
bonds that must be attached to the associated vertex. This
method of counting leaves an overall factor of c(gb)?> for

(242)
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each vertex, and a factor of ¢~'(¢gb)~> for each bond in an
incompressible liquid. In a diagram with L loops, in d dimen-
sions, we obtain an additional factor of order ¢¢* from the
integration over L wave vectors. By combining these factors,
we find that the contribution to In Z/V from a generic con-
nected L-loop diagram with a cutoff wave number A is of
order
AYAT2e/p?) (243)
In the physically relevant case d=3 we may define a packing
length p=1/(cb?) to rewrite this as
A3(Ap)E!. (244)
The order of UV divergence is thus expected to increases by
one factor of Ap at each order in the loop expansion.

In the one-loop theory considered here, with d=3 and L
=1, this argument yields a UV divergent contribution of or-
der A3. This agrees with the results of our explicit one-loop
calculation of free-energy density of an incompressible lig-
uid. Corresponding L-loop contributions to the functional de-
rivatives of F[{c)], such as the second derivative S~'(k), are
expected to have the same dependence on A as the underly-
ing free-energy contributions, at each order in the loop ex-
pansion. Thus, for example, the dominant UV divergent one-
loop contribution to S7'(k) in our explicit one-loop
calculation is also of order A3,

We have shown that this UV divergence of the one-loop
theory can be removed by renormalization. Let us assume,
for the moment, that this procedure can be extended to arbi-
trary order in a loop expansion. We imagine that the contri-
bution of an L-loop diagram to the renormalized perturbation
theory can be obtained by subtracting an asymptotic approxi-
mation for the integrand of the corresponding Fourier inte-
gral that is accurate at high wave numbers, ¢> 1/R. This will
generally leave a UV convergent contribution that arises pri-
marily from wave numbers of order 1/R, due to deviations of
the integrand from the asymptotic approximation at low
wave numbers. The resulting contribution to the renormal-
ized perturbation theory is expected to be similar in magni-
tude to the value of the unrenormalized integral evaluated
with a cutoff A~ 1/R. This suggests that the renormalized
perturbation theory (if one exists) will yield a loop expansion
in which the L-loop correction to the SCFT free-energy func-
tional will have a prefactor of order

1(p\-! 1
I? ( I_?> ~ — (245)
vNN

We have used the fact that R/p=N"?b*/v=N"? to obtain the
second expression in the above. The value of each diagram
will be given by this prefactor times a nondimensionalized
convergent integral whose value is a dimensionless function
of YN and the other SCFT dimensionless parameters. If our
renormalization procedure can be extended beyond the one-
loop level, the resulting renormalized loop expansion is thus
expected to yield an asymptotic expansion of the free energy

in powers of 1/VN.
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Equation (245) may also be obtained by dimensional
analysis: If we nondimensionalize all lengths in units of R
=yNb in the functional Taylor expansion of the statistical
weight L that appears in the Edwards functional integral, we
obtain an expression for L as the product of a nondimension-

alized functional times a large parameter \/1?7 The existence
of such a large prefactor is known to imply [21] that the loop
expansion (or, more precisely, the renormalized-loop expan-

sion) will yield an expansion in powers of N~/2,

XIV. POLYMER SOLUTIONS

UV divergences also appear in the excluded volume prob-
lem for polymers in good solvent. The diagrammatic formal-
ism and power counting arguments given above for an in-
compressible liquid can also be applied to the excluded
volume problem. A comparison of the two problems in the
same language is instructive.

In the standard Edwards model [11,12] of a polymer in
good solvent, the two-body interaction is approximated by a
pointlike effective interaction U(r)=ad(r), or U(g)=a,
where a is an effective excluded volume. The one-loop
theory given here for incompressible liquids is closely analo-
gous to Edwards’ one-loop theory of solutions. The screened
interaction in the original Edwards theory is given, in the
limit N—, by

12¢

Gl q)=—5+a', 246

(q) e (246)
where the first term is the limit gR>1 of Q(g). In this
theory, we thus obtain an essentially unscreened interaction

é(q)~a for k€>1, and a screened interaction identical to
that given in Eq. (240) for ké<1, where £~ b/+\ca is the
Edwards screening length.

The one-loop theory for a nominally incompressible lig-
uid is thus very similar to the Edwards theory with a cutoff
wave number A <& . In studies of nondilute polymer solu-
tions one is generally interested in the dependence of the
radius of gyration, osmotic pressure etc. upon contributions
from wavelengths less than & which determine the concen-
tration dependence of these quantities. To retain this infor-
mation, one must use a cutoff A > g-l.

The UV divergence contributions from the regime gé¢
>1 may be analyzed by repeating the power counting argu-
ments given above for an incompressible liquid, while using

the unscreened interaction é(q):a, rather than the screened

interaction G(q)>¢?. By this method, we find that the con-
tribution to the free-energy density of an L-loop diagram
with V vertices is of order

Ad(Ab)(L—l)(d—4)—2V(a/bd)L—l (ac)\/‘

In the infinite dilution limit, in which one considers only the
interaction among monomers of a single chain, the only rel-
evant diagrams have only one vertex, V=1. In this limit, the
above expression becomes equivalent to the known result
[28] for the naive degree of divergence of diagrams in the
perturbation theory for swelling of a single self-avoiding
chain.

(247)
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In the physically relevant case d=3, the only UV diver-
gent diagrams in the expansion of the free-energy density for
a solution are the one loop diagram with one-vertex (L=V
=1), which diverges as A, and the two-loop contribution
with one vertex (L=2 and V=1), which exhibits a logarith-
mic divergence in d=3. The strongly divergent one-loop dia-
gram was correctly identified by Edwards as a divergence in
the free energy per monomer due to interactions between
pairs of nearby monomers on the same chain. Edwards re-
moved this divergence by subtracting the free energy per
monomer of a single isolated chain from the total free en-
ergy. All of the diagrams involving more than one vertex,
which are necessary to calculate, e.g., the second virial co-
efficient, are UV convergent in d=3.

Alexander-Katz er al. [29] have recently considered the
UV divergence of the chemical potential in a stochastic field-
theoretic simulation of a polymer solutions. In this context,
the UV divergence shows up as a dependence of the polymer
chemical potential p upon a spatial discretization length Ax.
They found that the UV divergence of u found in their simu-
lation could be removed by subtracting a one-loop approxi-
mation for the free energy per monomer of a system of non-
interacting chains from their simulation results. (The above
analysis suggests that a logarithmic divergence should have
remained, but they reported no evidence that suggests this.)
Our analysis of the incompressible liquid model indicates
that this simple subtraction will not be sufficient to remove
the UV divergences from analogous simulations of dense
polymer mixtures, in which the divergence appears at all
orders in the loop expansion.

The appearance of negative exponents of A in all but a
few diagrams in the expansion of the dilute solution free
energy in d=3 is a symptom of the fact that most diagrams in
this theory are infrared (IR) rather than UV divergent. In the
infinite dilution limit, in which only diagrams with V=1 are
relevant, the IR divergence is cutoff at a wavelength of order
R~ Nb. In this limit, a generic diagram diverges with in-
creasing chain length N as NY2NU-DL-D72 for a]] d less than
the upper critical dimension d.=4. In a semidilute or concen-
trated solution, this IR divergence is cutoff at the screening
length & The quantities that we calculate in this paper, other
than the free-energy density (i.e., the direct correlation func-
tion, which is analogous to the second virial coefficient, and
the interaction-induced change in the single-chain correlation
function) are actually UV convergent and IR divergent in the
dilute solution problem. It is, of course, the IR divergence of
the excluded volume problem that makes the problem inter-
esting, and that leads to nontrivial scaling behavior for a
self-avoiding walk.

The above analysis makes it clear that the excluded vol-
ume problem is “renormalizable” in the sense that this word
is normally used in quantum or statistical field theory, and
that the theory of incompressible liquids considered here is
not. A field theory is normally said to have a renormalizable
UV divergence if the divergence can be absorbed into a finite
number of measurable parameters, such as the mass and
charge in quantum electrodynamics. More precisely, it is
usually required that only a finite number of vertex functions
contain a primitive UV divergence in spatial dimensions d
less than or equal to an upper critical dimension d,. [21]. For
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this to be true, it must generally be the case that the degree of
UV divergence of all vertex functions decrease with increas-
ing order in a loop expansion for all d<<d.. For any d<d,
only a few low order diagrams thus remain UV divergent,
but the theory instead becomes susceptible to the appearance
of IR divergences in (in different contexts) the limit 7— T,
or N— o, leading to nontrivial critical phenomena. The Ed-
wards model for polymers in good solvent fits this descrip-
tion, with an upper critical dimension d.=4. In the model of
incompressible liquids considered here, however, we see
from Eq. (244) that the degree of UV divergence increases
with increasing order in a loop expansion for all d>2, im-
plying that d.=2. This model would thus normally be said to
be unrenormalizable in d=3. The difference between the up-
per critical dimensions of the two theories is a result of the
replacement of the unscreened pointlike interaction, which is
independent of wave number, by a strongly wave-number

dependent screened interaction, G(g) = ¢

The notion of “renormalizability” used in this paper is
thus different from its usual meaning in field theory, and is
specific to the physics of dense polymer mixtures. In either
context, a theory is said to be renormalizable if all of its UV
divergences can be absorbed into the parameters of an appro-
priate phenomenological model. In addition, for renormaliza-
tion to be useful, it is required in both contexts that the
functional form of a phenomenological model that is suffi-
ciently flexible to absorb all UV divergences also be suffi-
ciently constrained to allow nontrivial predictions to be
made. A theory is properly described as unrenormalizable if
the functional form of the theory required to absorb all UV
divergent parts of the free-energy functional is so flexible
that it could describe all conceivable behavior. In the present
context, the appropriate phenomenological model is a SCFT
of Gaussian chains. The only constraint that we place on the
functional form of this theory is that interaction free-energy
functional (excluding the contributions of chain ends and
junctions) be independent of chain length N and chain archi-
tecture. We show here that, to first order in a loop expansion,
a SCFT of this form is recovered as the N— o limit of the
true free-energy functional, and that the sensitivity of the
theory to the cutoff (or more generally, to monomer scale
chemical details) can be absorbed into this N— ¢ limit. The
renormalized perturbation theory makes nontrivial predic-
tions about N-dependent, UV convergent corrections to this
theory. If the same ideas were applied to a liquid of point
particles, there would be no constraint on the functional form
of the free energy, and so the theory would have no predic-

tive power. It is thus the appearance of 1/N as a small pa-
rameter that makes it possible to extract useful information
from a theory that would be considered unrenormalizable by
the usual rules of field theory.

XYV. CONCLUSIONS

Several previous calculations have shown that predictions
of a coarse-grained model of polymer liquids, when extended
beyond the mean-field level, depend very sensitively on the
value chosen for an arbitrary coarse-graining length. In light
of this, it is reasonable to ask whether such models can make
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any unambiguous physical predictions. We know how to ex-
tract physical predictions from a UV divergent theory only if
we can absorb all UV divergences into the values of a finite
number of phenomenological coefficients. The question of
whether such coarse-grained theories can predict anything
thus inevitably boils down to the question of whether they
are, in some sense, renormalizable. The definition of “renor-
malizability” that we introduce here (as discussed above) is
based upon the assumption that a renormalized SCFT with
an interaction free energy that is independent of N is ob-
tained as the limit N — o of the true free energy, and that all
UV divergences can be absorbed into this asymptotic theory.

In this paper, we have explicitly demonstrated the renor-
malizability of the one-loop approximation for S~!(k) in the
auxiliary field approach, for arbitrary k, for both polymer
blends and diblock copolymer melts. We showed that all UV
divergent contributions to S7'(k) can be absorbed into
changes in the values of the parameters of an appropriate
form of SCFT. To make this work, it was necessary to allow
for renormalization of all of the parameters of the standard
SCFT, i.e., of the statistical segment lengths as well as the
local interaction free energy. We also found that it was nec-
essary to allow for some free energy contributions that are
plausible on physical grounds, but not usually considered,
i.e., a square-gradient interaction free energy and excess en-
ergies for chain end and for junctions in block copolymers.

At a conceptual level, this analysis is important because it
provides evidence for the logical consistency of the study of
coarse-grained models, and for our assumption that some
form of SCFT is exact in the limit N— . Because we have
analyzed only one vertex function, S~!(k), only to first order
in a loop expansion, our calculation provides a consistency
check, but not a proof of renormalizability. This is quite dif-
ferent from the situation in quantum and statistical field
theory, in which methods were developed long ago to prove
renormalizability to all orders in perturbation theory. An
analogous proof would require an enormous generalization
of the explicit analysis given here.

At a practical level, our analysis is important as a neces-
sary step in the development of a rigorous renormalized per-
turbation theory of corrections to SCFT: Identification and
removal of all UV divergences is a prerequisite to the sys-
tematic study of the long wavelength physics that coarse-
grained models are intended to describe. In subsequent work
on this subject, we will focus on an examination of physical
predictions of the renormalized one-loop theory for correc-
tions to SCFT, and on extending the theory beyond the one-
loop level.

Our procedure for extracting the UV convergent contribu-
tions of physical interest is, for the moment, to simply sub-
tract the results of our analytic calculation of the UV diver-
gent contribution to each quantity from the results of a
numerical evaluation of the underlying Fourier integral, us-
ing the same finite cutoff wave-number A in both calcula-
tions. To make this procedure work, we must identify and
subtract all UV divergent contributions to the unrenormal-
ized integrals, including the O(A/N) divergences discussed
in Sec. XII. We have confirmed numerically that this proce-
dure yields results that are nearly independent of A for large
values of A, and that converge in the limit A —oo. It is worth
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noting that this numerical procedure provides a very strin-
gent test of the correctness of our results: Any error in either
our analytic calculation of UV divergent contributions or in
our numerical integration would destroy the required cancel-
lation of UV divergent terms.
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APPENDIX: SINGLE-CHAIN CORRELATIONS

In this appendix, we provide further details of the deriva-
tion of asymptotic high-g expansions of the three- and four-
point correlation functions for both homopolymers and
diblock copolymers. The leading order terms in the required
expansions were obtained for homopolymers in Sec. IX.

1. Generalization to block copolymers

To begin, we generalize to block copolymers the discus-
sion of multipoint correlations for a Gaussian homopolymer
that was given in Sec. IX A. We consider an n-point corre-
lation function

~<") ks k) = f d"s(e™ Ry, (A1)

Here, d"s should be understood to indicate an integral over
all values of sy, ...,s,, subject only to the constraint that, in
a block copolymer, the integral over s; must be taken over
only the block of the polymer that contains monomers of
type i;. (For simplicity, we will only discuss situations in
which each block is chemically distinct.) For example, in a
diblock copolymer for which monomers with 0 <<s<fN are

of type 1,

N
O (k. Ky, Ky) = ds3 f ds, f ds (™ Ry, (A2)
N N 0

We may also write @ as sum of ordered integrals involving
different permutations of the wave-vector arguments, of the
form given in Eq. (155), if it is understood that (i) the sum
over permutations must be restricted to permutations that do
not change any monomer types, but only that exchange the
identities of monomers of the same type, and (ii) the ordered
integral w () is defined by integrating over a subspace

iy
defined by the requirement that s; <s,<<...<<s, and that the
integral with respect to monomer 1ndex s; may not extend

beyond the block containing monomers of type i;. For ex-
ample,
@K1 ko ks) = o) (K Ko ks) + ok ks k), (A3)

where
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N 5- N '
o'k ko ks) = | ds; f ds, f ds (e®RE)y . (Ad)
N N 0

(n)

The value of an ordered integral wl i, can be evaluated

using a slight generalization of Eq. (162 in which the limits
of integration in the ordered integral are interpreted in this
manner, and in which the integrand is generalized to allow
for the existence of different statistical segment lengths in
different blocks.

We also define functions

o) ke k) =NTE (koK) (AS)

o) (kp, o k,) =N (kp o k,). (A6)
Explicit expressions for these quantities may be written as
functions of the 2rn dimensionless wave-vectors K,;
=k,b;\N/6, and of f| and f,. Because the existence of two
statistical segment lengths b; and b, provides two ways to

nondimensionalize each wave vector, we will write w( ") ;

and c_?)f:l) i for diblock copolymers as functlons of
k,....k,, rather than as functions of dimensionless wave
vectors.

2. Three-point correlations
a. Homopolymer

The dimensionless ordered integral (_i)<3) for a homopoly-
mer is given exactly, for arbitrary wave-vector arguments, by

18(KD) - ¢(K3)

H (K Ky Ks) =
w ( 154825 3) 2 K%—K%

(A7)
Each of the ordered integrals required in Eq. (166) may be
evaluated using this general result. To obtain an asymptotic
expansion of each of the resulting integrals, we drop all
terms that are proportional to e’ (which are not analytic
functions of 1/Q in the limit 1/Q—0), and expand the re-
maining terms in powers of 1/Q. To O(Q™), this yields

H(K.Q-Q,) = (K2)[2Q2 2‘“—;}

1

1
[ —K*(3 +4a%)g(K?) - 4}4Q4,

®(Q_K,-Q,)=— (AB)

Q4
An expression for @(K,-Q,,Q_) may be obtained by taking
Q—-Q, and a— —a, in the expression for c_?)(K,Q,_,—Q+).
Terms linear in « cancel upon adding permutations, giving
Egs. (173) and (174).

b. Diblock copolymers

For a diblock copolymer, we need the four functions
GE;)(k3q—9_q+)’ agi?(k,q_9_q+), agfj)(k’q—’_q+)’ and
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f;)(k q-,—q,) for i #j. The function a)( )(k q_, —q+) may
be obtained by taking q—>—q in our result for w (k q_,
—q,). The function w( for a diblock copolymer w1th an i
block of length f;N 1s simply equal to the corresponding
function for a homopolymer of type i and length f;N.

To calculate the remaining two functions, in which one of
the species indices is different from the other two, we may
start from the general result

> (K2 !) e(K2)

DTG ()
where K2,=|k,|?»;N/6 and and K% =k, |2b2N/6 To
calculate @ 3), we note the symmetry w( -(k.. Kk, k,)
= ”(3)(ka,k,,,k ). Evaluating and expanding th_e requlred in-

ijj
tegrals yields

A(3 (kaskb’k )_ (

l] j

. aK
o) (k,q— q.) = e/(K))e; (Kz)[ @ Q;}
(K?)
+[eAKD)K2(3 +4a?) — 41551
A K 4Qj
@k, q_,— q+):ei(K?)Qi. (A10)

J

Expressions for c_bgj)(k,—q +»q-) and wf?])(k —-q.,q_) may be
obtained by taking q——q in the above to integrals. The
quantities &;;(q_.k.—q,) and @;;(-q,.k.q_) are 0(Q™°),

and so may be neglected.

3. Four-point correlations
a. Homopolymers

The ordered integrals required to calculate the four-point
function 1%4)(K,—K,Q,—Q) may be expressed as

1

K £Q FQ-K)= f d'5e e, (§)e K,
0

~ 1 DA 2 A

JUK £Q-K ¥ Q)= f d'§e K L ($3p)e70 1,
0

1
J=QK.-K, 7 Q) = J d*§ePS0H, (53,)e 0,
0

where

H.(§3) = e 025 — (@05 (A11)
and Q.=Q=K. The dominant behavior of each of these
intgrals can be obtained by noting that §5, is confined to
very small values by the exponential factors in H(§3,), and
that we may thus approximate the integral with respect to §3
over the domain §,<<§3<§, to a first approximation by an
integral over §,<<§3<<o. This approximation yields a com-
mon factor
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FdA H.( )_L (N :2Ka+4(1<a)2+
. $3201:(832 _Qi Q2+K2 Q3 Q4

(A12)

in the integrals

. _ 1 9g(K?)
DK +0. TO-K) = — —
YUK, £Q, ¥ Q,-K) > oK)

dsH,(s),
0
| .

PY(K, £Q.-K, ¥ Q) = -5g(K? J dsH(s),
20 0

Py (+Q.K,-K, IQ)zé f dsH.(s). (A13)
0

Upon adding the four permutations in which *K are the
first and last arguments, and using the expansion given in
Eq. (A12) for the remaining integral, terms that are pro-
portional to @ and O(Q73) cancel. This leaves a leading
order contribution of O(Q™*). All other permutations lead
to contributions of O(Q™®) or higher, which do not lead
to UV divergent contributions to dw'® in the one-loop ap-
proximation.

b. Diblock copolymers

Consider a diblock in which block 1 extends from 0<<s
</fiN and block 2 is /N <s<N, and let i};)(k.~k.q.—q)
—N‘4¢( kl(k -k,q,—q). As for homopolymers, we may ex-

press ¢Jk1(k -k,q,—q) as a sum of ordered integrals. To
calculate an ordered integral z,/f() (kl,kz,k3,k4) for a

diblock, we require that the 1ntegrals over each monomer
index s; be constrained to the block specified by the corre-
sponding monomer type index, as well as s;<<s,<<s3<<sy,
and thus that i; <i, <i;<1i,. As for homopolymers, we find

that w( k,—k,q,—q)=0 for ordered integrals in which +k
are the first two or the last two wave-vector arguments.

As found for homopolymers, we find that the the domi-

nant contributions to zﬂf“k),

integrals in which =k are the first and last arguments of ¢( k-
For diblock copolymers, the O(Q~*) contributions are ob-
tained only from ordered integrals of the form

are O(Q™*), and arise from ordered

l_zfikkj(ik’ +q, ¥ q, =k), where +q are associated with mono-
mers in the same block. The sum of the four ordered inte-
grals of the form (141)1 \(zk, £q, * q, £k) yield a contribution
to l//””(k,q, q,—k) equal to that obtained from for ho-

mopolymer of length f;N. The resulting contribution to
l!,(lzt)ll(k’q’_q’_k) is

. 16K30? (N 52 . 8K%a? 9
w(ﬁ)ll = i f dfzf dSA1§21€_K%Y21 =-— 8121 .
o) Jo 0 0" JdK%)
(A14)

The dominant contributions to zzfmz(k,q,—q,—k) arise from
the ordered integrals 1:&] 112(zk, =q, ¥ q,-k), which yield
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2 2 rf f

N 16K« 2 20 71 2.

4) 1 a1 —K5§ arar —K5§

Pt = 1 ds,e "2 [ d§;§1e "1
o) Jo 0

- 8K%CY2 (9g12
01 AKY)’

where §,=§,—f and §|=f,—§,. Corresponding approxima-

(A15)
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tions for A(;;)zz(ik, +q, + q,-k) (Aﬂ(é)zz(ik, +q, + q,-k) can

be obtained by analogy, by switching the labeling of blocks 1
and 2. The dominant contributions are thus all of the form

2
i) _ 8Kie? dgy;

ikkj = o' WK (A16)
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